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Abstract

This paper presents mathematical conditions and algo-
rithm for a whole arm manipulation planning with switch-
ing contact modes. The motion planning for such a system
should consider changing the dynamics and kinematics ac-
cording to contact modes. We show the conditions about
kinematic and dynamics aspects to be satisfied for the mo-
tion planning. The conditions give the restriction of feasible
contact modes and the number of contact points. The plan-
ning problem is simplified using a randomized technique.
We illustrate the approach by simulating the whole arm ma-
nipulation.

1 Introduction

In contrast to fingertip grasps, whole arm grasps are
formed by enveloping the arms around objects. There are
many tasks such as lifting up heavy loads or constraining
large objects that necessitate the whole arm grasps. While
there are many works which consider whole arm grasps,
most of them are contact force analyses of power grasps
and their robustness in order to firmly grasp objects which
do not move relative to the arms[10],[17]. On the other
hand, our interests are to plan manipulating objects using
the inner links of the arms in order to move the objects to a
goal configuration. Such manipulation is called whole arm
manipulation. There are some works concerning whole arm
manipulation by Yashima[11],[15],Trinkle[12], Kaneko[4].

Motion planning for the manipulation by a multifingered
robot hand is a complicated problem since a number of the
arms are involved but rather because of the nature of the
contact such as rolling and sliding. Most of works deal with
instantaneous or local motion planning, and assume that
there are not any change of contact modes between the arms
and objects during tasks. In contrast to the conventional
manipulation, we consider the manipulation with changing
contact modes so that we can achieve a dextrous manipula-
tion. In this case, we should take into consideration for the
manipulation systems with changing dynamics according to
the change of contact modes and verify the kinematical and
dynamical characteristics of such manipulation systems.
Li[7] studied instantaneous kinematic manipulation plan-

ning by considering different contact modes. Trinkle[13]
showed a global motion planning of dextrous manipulation
with frictionless contacts. Cherif[1] presented an algorithm
of global motion planning for quasi-static fingertip manip-
ulation. In these studies, the manipulation is restricted to a
quasi-static motion.

For a system with changing dynamics behavior, the state
space of manipulation systems consists of multiple parti-
tions which correspond to a contact mode. Each partition
is governed by a different set of differential equations. In
order to complete a successful manipulation, it is neces-
sary to plan transitions of the contact modes. The systems
which can be modeled by discrete event such as a contact
mode and continuous dynamics is called hybrid systems[6].
Many studies about the hybrid systems are the stability and
modeling from the view of control theory. Zefran[16] ap-
plied the idea of hybrid systems to the study of grasp gaits.
To my knowledge, there is no study about manipulation
with switching contacts.

In this paper, we first develop a mathematical conditions
to be satisfied for motion planning, based on the kimenat-
ics and dynamics of manipulation systems. These condi-
tions give the restriction for feasible contact modes and the
number of contact points. We then describe the basic ideas
of manipulation planning, which is defined as ’given initial
and goal object states, it is to find a joint torque trajectory,
using rolling and sliding contacts’. The proposed algorithm
is simplified using a randomized technique. Finally we ap-
ply the ideas to the simulation of a whole arm manipulation
system.

2 Problem formulation

We consider a planar whole arm manipulation system
which is subject to Coulomb’s friction as shown in Figure
1. We assume that each link of each arm (hand) has one
contact point with an object. Each joint has one degree of
freedom. Suppose there are nC contacts, consisting of nR

rolling contacts and nS sliding contacts. Let the subscripts
N and T denote the inward normal and tangential directions
at the contact point on object’s surface, and S and R denote
sliding and rolling contacts, respectively. We denote ith
contact point by subscript i.
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Figure 1: General whole arm manipulation.

The dynamic equations of rigid object can be written as

Moq̈ = GAµfA + go (1)

where
GAµ = [GNS + GTSUS , GNR, GTR],

fT
A =

[
fT

NS , fT
NR, fT

TR

]
,

US = diag [· · · ,−sgn(viTS)µiS, · · ·], q̈ is the 3-vector
of linear and angular acceleration of the center of mass,
Mo is the 3×3-mass matrix of the object, go is external
wrench applied to the object, viTS is sliding velocity,
and µiS is the coefficient of kinetic friction. f NS is the
nS-vector of normal forces at sliding contacts, while f NR

and fTR are the nR-vectors of normal and tangential
forces at rolling contacts, respectively. GNS and GTS

are 3×nS wrench matrices in the normal and tangential
direction for sliding contacts. GNR and GTR are 3×nR

wrench matrices in the normal and tangential direction for
rolling contacts.

The motion equation of the arms can be written as

Maθ̈ = τ − JT
AµfA − ga (2)

where
JT

Aµ =
[
JT

NS + JT
TSUS , JT

NR, JT
TR

]
, and JNS , JTS ,

JNR, and JTR are hand Jacobians defined like the wrench
matrices. θ̈ is the nθ-vector of joint accelerations, and M a

is the nθ×nθ-inertia matrix of the arm. τ is the nθ-vector
of joint control torque. ga is the vector of torque caused by
external wrenches and velocity product wrenches.

The Coulomb’s friction law can be written as

BµfA ≥ 0 (3)

where UR =diag [· · · ,−µiR, · · ·], ES and ER are nS×nS

and nR ×nR unit matrices, and µiR is the coefficient of

static friction, Bµ =


 ES 0

0
UR ER

UR −ER


.

The physically admissible contact motion for rolling and
sliding contacts can be formulated as

GT
Aq̇ = JAθ̇ (4)

where
GA =[GNS , GNR, GTR], JT

A =
[
JT

NS , JT
NR, JT

TR

]
.

3 Condition for motion planning

3.1 Kinematic aspects

The kinematic problems to be solved for a motion plan-
ning are to determine a joint velocity for a given object ve-
locity or vice versa[3],[9].

The manipulation system is said to be kinematically
manipulable, for a given desired object velocity, q̇, if it
is possible to find a joint velocity, θ̇, to accommodate the
object trajectory. This implies that J A ∈ �(2nR+nS)× nθ is
full rank and 2nR + nS ≤ nθ.

On the other hand, the manipulation system is said to
be kinematically determinate, if for a feasible joint veloc-
ity, θ̇, the object velocity, q̇, is uniquely determined. This
implies that GA ∈ �3×2nR+nS is full column rank and
2nR + nS ≥ 3.

3.2 Dynamic aspects

The dynamic problems to be solved for a motion plan-
ning are to determine a joint torque for a given object ac-
celeration or vice versa.

The manipulation system is said to be dynamically ma-
nipulable, for a given object acceleration, q̈, if it is possible
to find a joint torque, τ , to accommodate the object trajec-
tory. This implies that (i)GAµ ∈ �3×2nR+nS is full rank
and 2nR + nS ≥ 3 such that there exists f A for any in-
ertial and external force, (ii) J T

Aµ ∈ �nθ×(2nR+nS) is full
rank such that there exists τ which can control each com-
ponent of f A, and (iii) JA is full rank such that θ̈ can be
determined for a given object acceleration, q̈, from the ac-
celeration kinematics,

GT
Aq̈ − JAθ̈ + Ġ

T

Aq̇ − J̇Aθ̇ = 0 (5)

which can be given by differentiating Equation(4).

On the other hand, the manipulation system is said to be
dynamically determinate if a dynamics model uniquely
predict an object acceleration and a contact force for a given
joint torque. Therefore, the problem can be reduced to a lin-
ear complementarity problem (LCP) that can be formulated
as[8],[14]

x ≥ 0, y = Ax + b, xT y = 0 (6)

where

A =
[
GT

A − JA

] [
Mo 0
0 Ma

] [
GAµ

−JT
Aµ

]
(7)

The LCP has an unique solution for any joint torque if and
only if the matrix A is P -matrix[2]. Therefore dynami-
cally determinate requires that the matrix A in Equation(7)
belongs to the class of P -matrix.

From the result mentioned above, we can get the follow-
ing kinematical and dynamical conditions for the motion
planning of whole arm manipulation as:

3 ≤ 2nR + nS ≤ nθ (8)



rank(JA) = 2nR + nS (9)

rank(JAµ) = 2nR + nS (10)

rank(GA) = 3 (11)

rank(GAµ) = 3 (12)

A ∈ P−matrix class (13)

Note that these conditions restrict the contact mode and the
number of contact points.

4 Instantaneous motion planning

In this section we now develop the algorithms for de-
termining joint torques that will realize a specified object
trajectory at every instant, satisfying the conditions Equa-
tions(8) ∼ (13). In the next section, we will relax the con-
ditions on the contact mode and allow the modes to change.

We have the general problem that joint torques may not
be unique for a specified object trajectory. When the system
is dynamically manipulable with 2nR + nS < nθ for a
current contact mode, there are multiple solutions to θ̈ for
q̈. Using the generalized inverse of J A, the minimum norm
of θ̈ can be uniquely determined for q̈ from Equation(5) as;

θ̈ = J+
A

(
GT

Aq̈ + Ġ
T

Aq̇ − J̇Aθ̇
)

(14)

When the wrench matrix, GAµ, is over-constrained,
there are multiple solutions to a contact force for a given
object acceleration. We can determine the minimum norm
of the contact force, f A, which satisfies Coulomb’s friction
law by solving the following quadratic programming prob-
lem,

minimize 1/2 fT
AfA

subject to Eqs.(1)and(3) (15)

The algorithm for an instantaneous motion planning is
shown below. For a given contact mode, M, and object
acceleration, q̈(t), the joint acceleration, θ̈(t), and contact
force, fA(t), are determined using Equations(14) and (15),
respectively. The joint torque, τ (t) can be determined by
substituting θ̈ and fA into the arm dynamic equation (2).
The states, q and q̇, and θ and θ̇ at next time step are ob-
tained by an integration of q̈(t) and θ̈(t).

5 Global motion planning

5.1 Hybrid system

The continuous state space, X , of manipulation systems
consists of multiple partitions, Xk(Mk), corresponding to
a contact mode, Mk ∈ M ⊆ [RR, RS, 2SR, · · ·],

X =
m⋃
k

Xk(Mk) (16)

The continuous states, q, q̇, θ and θ̇, of eachXk is governed
by different dynamic and kinematic equations. These states

change continuously between partitions. Since the whole
arm manipulation consists of a sequence of partitions of
state space as well as a continuous trajectory of the system,
we call such a system hybrid system. Figure 2 illustrates
the hybrid system. x(0) and x(tf ) denote initial and goal
states, respectively. The trajectory, α, passes through from
X1,X2, to X5 while the trajectory, β, passes on another par-
titions. The black circles indicate the switching between the
partitions.

χ1

χ2

χ3 χ4 χ5

α

β

x(0)

x(tf)

Figure 2: Manipulation system with switching contact
mode.

We now define the motion planning problem for the
whole arm manipulation as, ”given an initial object state,
q(0), q̇(0) and a goal object state, q(tf ), q̇(tf ), it is to find
a trajectory which connects initial state with final state,
switching rolling and sliding contacts repeatedly.” Each
trajectory on the interval t ∈ [tj , tj+1], 0 < t1 < · · · <
tN+1 = tf corresponds to each Xj(Mj). The trajec-
tory switches from Xj to Xj+1 at the switching time, tj+1.
Specified an object trajectory, the motion planning problem
consists of four components: (i) the number of switches,
N , (ii) the switching time, {tj}N

j=1, (iii) the sequence of
contact mode, {Mj}N

j=0, (iv) the state trajectory and joint
torque trajectory on each interval [tj , tj+1]. Note that the
object trajectory is assumed to be specified. But one can
imagine a motion editing system where this trajectory is
modified interactively, or an outer loop that modifies the ob-
ject trajectory according to a cost function. The algorithm
for the four components are organized in the flow chart in
Figure 3. We will describe each of these components and
the organization next.

5.2 Algorithm

It is very difficult to find all components of motion plan-
ning problem for the hybrid system because the planning
requires exploring the high dimensional search space. We
can find an appropriate solution by assigning an object tra-
jectory and a sequence of switching time. The planning
problem can be reduced to the problem which finds the se-
quence of contact modes and joint torque trajectory.

The proposed manipulation planning, as shown in Fig-
ure 3, consists of (i) generation of an object sub-trajectory
on [tj , tj+1], (OBJ TRAJ PLANNER), (ii) search for fea-
sible contact modes, calculation of joint torque which
is feasible to manipulate an object along the given ob-
ject sub-trajectory on [tj , tj+1], generation of subgoals,
and addition of feasible solutions into a list, LTj , (MO-
TION SUBINTERVAL), (iii) selection of desirable trajec-
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Figure 3: An algorithm of motion planning.

tory, (SELECT OPT TRAJ). (i) and (ii) are iterated when-
ever the switching time is updated until a final time, tf , and
feasible subgoals are generated. Finally, the function SE-
LECT OPT TRAJ gives the desirable sequence of contact
mode and joint torque trajectory based on the cost function,

fcost =
N∑

i=0

∫ ti+1

ti

P (x, τ )dt (17)

Figure 4 shows the iterative process of system state ex-
ploration using this algorithm. At each switching time, the
feasible contact modes are determined and the subgoals are
generated. Note that the states in each subgoal are differ-
ent because the joint and contact states are different though
same object trajectory is given.

x(0) x(tf)
2SR
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3SSR
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RR RS

3S
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tft0 t1 ............... t

State

t2

Figure 4: Iterative process of state expansion with changing
contact modes.

The function OBJ TRAJ PLANNER provides the next
switching time, tj+1, and the object sub-trajectory,
γj(t), t ∈ [tj , tj+1]. As shown in Figure 5, the next switch-
ing time, tj+1, is assigned randomly for a current switching
time, tj . Then the object sub-trajectory, γ j(t), which satis-
fies the following boundary conditions,

γj(tj) = γ̃o(tj)

γj(tj+1) = γ̃o(tj+1) (18)

γ̇j(tj) = γ̇j(tj+1) = 0

is generated using a nominal object trajectory, γ̃o(t), t ∈
[0, tf ] which is usually known a priori as a desirable rough
trajectory. The first and second equations in Equation(18)
show that the object sub-trajectory, γ j , goes from object
states, q(tj) and q̇(tj) to q(tj+1) and q̇(tj+1) on the nom-
inal trajectory. The third equation implies that a relative
tangential velocity at each contact point makes zero at each
switching time so that we can assign any contact mode at
switching time. The idea of generating an object trajectory
by giving a switching time randomly, rather that directly
sampling the state space of the object, make the exploration
quickly over the state space and the planner find feasible
solutions easily[5].

j+1t
t

jt

Nominal
Trajectory SubTrajectory

γ (t)j

γ (t)j−1

γ(t)~

Figure 5: Planning for object trajectory based on random-
ized approach.

The algorithm of MOTION SUBINTERVAL is shown
below. Whenever the switching time is updated, a con-
tact mode is assigned among 2nc combinations of con-
tact modes, and the instantaneous manipulation planning
shown in the previous section is iterated at every instant
on [tj , tj+1] for the assigned γj . The feasible contact
modes are searched which satisfy Equations(8)∼(13). If
we can find feasible solutions on [tj , tj+1], then the sub-
goals are generated, and tj+1, q(tj+1), θ(tj+1), Mj , and
cost, fcostj =

∫ tj+1

tj
P (x, τ)dt, are stored into the list LTj .

If there is no feasible solution, another object sub-trajectory
is assigned again.

6 Simulation results

Consider to plan a whole arm manipulation in order to
lift up an object toward a palm. As shown in Figure 6, the
fingers of a two 2-DOF fingered hand with a fixed palm are
used to manipulate an elliptical object in the vertical plane
with rolling and/or sliding contacts. Each 2nd link of the
both arms has the contact with the object at the initial time.
We assume that the breaking contacts are not occurred once
the links contact the object. ΣB is the base frame placed in
the midpoint between the two joints in the palm and Σ i is
the coordinate frame attached to the ith contact point.

In this example, the following constraints about the num-
ber of rolling and sliding contacts are imposed:

nR + nS ≤ 4
3 ≤ 2nR + nS ≤ 4 (19)
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Figure 6: A planner whole arm grasp.
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Figure 7: Simulation results of state exploration.

The first constraint says that the total number of con-
tacts between the object and the arms is less than four
because of the assumption that the each link of each
arm has one contact point. The second constraint is
a condition for the motion planning which is obtained
by substituting nθ = 4 into Equation(8). The feasi-
ble contact mode set, M, which satisfies these conditions
is M ⊆ {RR, RS, SR, 2SR, R2S, 2SS, S2S, 2S2S},
where the first and second letter denotes the contact modes
for the arm1 and arm2, respectively, and the figure denotes
the number of the contact mode. RS indicates the combi-
nation of a rolling contact at the 2nd link of arm 1 and a
sliding contact at the 2nd link of arm 2.

The object has a major axis of 0.37m and its minor axis
is 0.30m. The mass of the object is 3.00kg, and the moment
of inertia about the center of mass is 4.25×10−2kg·m2. The
fixed palm of the hand is 0.20m long. The length of each
finger link is 0.30m. The mass of the finger link is 0.5kg
with a moment of inertia of 1.67×10−3kg·m2. The kinetic
and static coefficient of friction are both µiS = µiR = 0.2.

The manipulation task is to rotate the object from 20 de-
gree to 0 degree, and to translate it from 0.30m to 0.15m
in the z direction in two seconds. We can get six feasible
solutions with three switchings, as shown in Figure 7. The
feasible solution, whose transition of contact modes is from
RR, RR, SR, to RR, is selected because of the minimum
consumption of the joint driven torque.

The snap shots of the selected solution are shown in Fig-
ures 8. The contact modes are denoted on the top of each
snap shot when the contact mode is switched. The 2nd links
with rolling and sliding contacts are drawn by the thick and
thin line, respectively. The lines with arrow denote the con-
tact force, the object linear and angular acceleration.

Figure 9 shows the nominal object trajectory and the

#0msec #200msec #600msec

#707msec #800msec #1000msecRR

#1033msec #1200msec #1400msecSR

RR

#1600msec #1762msec #2000msecRR

Figure 8: Snap shots of whole arm manipulation which is
lifting an object.
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Figure 9: Nominal object trajectory and generated sub-
trajectory using randomized technique. (a) and (b) show
the trajectory of the orientation and angular velocity, and
(c) and (d) show trajectory of position and velocity in the z
direction. × indicates the switching.



generated sub-trajectory using randomized technique. A
fifth polynomial is used to interpolate the object sub-
trajectory on each interval. The velocities at each switch-
ing time become zero due to the boundary conditions Equa-
tion(18).

7 Concluding remarks

This paper presents the mathematical conditions and
algorithm for the whole arm manipulation planning with
switching contact modes. Changing the contact mode al-
lows to extend the feasibility of manipulation. Motion plan-
ning for such a system should consider changing the dy-
namics and kinematics according to the contact modes. We
showed the conditions about kinematic and dynamics as-
pects to be satisfied for the motion planning. The condi-
tions give the restriction for feasible contact modes and the
number of contact points.

The planning problem is simplified by giving the object
trajectory using a randomized technique. It is not always
guaranteed to find a trajectory whenever one exists. Though
the algorithm is not complete, we could find the solution
trajectory efficiently compared to the direct sampling ap-
proach. The main limitation of the proposed approach is
that we must specify an appropriate nominal object trajec-
tory a priori such that feasible solutions could be found by
the algorithm.
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