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Abstract. The consensus model has been extensively applied to solve
coordination problems of distributed systems. A consensus algorithm
specifies the information exchange rule between a system (node) and all
of its neighbors on the network. The design issue of sensor networks capa-
ble of reaching a consensus quickly has received considerable attentions.
The conditions for achieving a consensus depend on the properties of
the graph of the nodes. The network is also subjected to external shocks
both with respect to the size of the shock and the spatial impact of the
shock. There is empirical evidence that as the connectivity of a network
increases, we observe an increase in the performance, but at the same
time, an increase in the chance of risk propagation which is extremely
large. In this paper, we address the issue of designing desirable networks
for any fixed number of nodes and links by employing an evolutionary
optimization procedure. The resulting networks are optimal not only for
fast consensus but also for minimizing risk propagation.

1 Introduction

It is broadly recognized that most complex systems in nature are organized as
intricate network patterns [1,2]. Network topologies are often not static. The ap-
plication on networks changes and evolves network topology [3]. This observation
has triggered an intense research effort aimed at understanding the organizing
principles of these networks, and the interplay between topology and network
dynamics [4, 5].

Despite the fundamental importance of the network topologies in many so-
cial and engineering settings, there is still a lack of analysis of how desirable
networks for specified purposes should be designed. Although most theories con-
cerning the origin of these topologies use growing graphs [4, 6], some optimiza-
tion methodologies can account for the observed regularities displayed by most
complex networks. We can observe some aspects of network optimization in
transport network, power grid network, the Internet and so on. In such complex
networks, there are some statistical quantities to optimize. For example, average
hop distance between nodes and betweeness of each node are some important for
communication networks [7]. Many problems in engineering and related areas re-
quire the simultaneous optimization of many objectives that may be conflicting.



Topological design of communication networks, for instance, is a typical multi-
objective problem involving simultaneous optimization of cost of the network and
various performance criteria such as efficiency, average delay, and robustness.

Distributed computation over networks has a tradition in systems and con-
trol theory on agreement problem for distributed decision-making systems [8].
Consensus problems have a long history in computer science and control the-
ory [9]. In network systems, consensus means reaching an agreement regarding
a certain item of interest that depends on the state of all nodes. The consensus
model has also been extensively applied to solve coordination problems of dis-
tributed systems. For instance, the design of sensor networks capable of reaching
a consensus on a globally optimal decision without the need for a fusion center is
a problem that has received considerable attentions [10, 11]. The conditions for
achieving a consensus ultimately depend on the properties of the graph modeling
the interaction among the nodes. Coordination among independent elements is
also affected by the network topology that describes how they are connected.
The level of stability of a coordinated state is a measure of the system’s ability
to yield a coherent response and to distribute information efficiently among its
elements [11].

Real-world networks increase interdependencies and this creates challenges
for handling network risks like cascading failure. Important processes studied
within this framework include contact processes such as information and epi-
demic spreading. Studies like these have clarified that certain topological prop-
erties have strong impacts on the dynamics of networks [1, 2, 5].

The paper studies the problem of designing the topology of a network. The
topology of the network has a major impact on the convergence of distributed
consensus algorithms, namely, that the distributed consensus algorithm converge
much faster for certain connectivity patterns than for others, thus requiring much
less inter sensor communication and power expenditure [12,13].

In this paper, we address the issue of designing optimal networks for fast
consensus as well as minimizing risk propagation. In general there is usually a
trade-off between risk contagion and risk sharing. Optimizing a network requires
the selection of a proper fitness function. The maximum eigenvalue can be used
as the index of robustness against cascading failure. The network with a smaller
maximum eigenvalue of the adjacency matrix has a better property to mitigate
risk contagion. We use an evolutionary algorithm involving minimization of the
weighted fitness function of the eigenvalues of the Laplacian matrix and the in-
verse of the average degree for consensus problems. We compare the convergence
speed of a consensus problem in an evolutionary optimized network with random
networks, regular network and scale-free networks.

2 Distributed Consensus on Networks

Consensus problems have a long history in computer science and form the foun-
dation of the field of distributed computing. Formal study of consensus problems
in groups of experts originated statistics. The original idea was in aggregation of



information with uncertainty obtained from multiple sensors or experts [8]. In
networked systems consensus means to reach an agreement regarding a certain
quantity of interest that depends on the initial values of each system (node).
A consensus algorithm is an interaction rule that specifies the information ex-
change between nodes and all of its neighbors on the network. The theoretical
framework for posing and solving consensus problems for networked systems is
well surveyed by Olfati-Saber and Murray in [9].

The synchronization of mutually coupled oscillators also has been a typical
field of application of consensus problems [4]. Synchronization often occurs un-
expectedly and little is known what is the best network topology is the best for
synchronization. In recent studies, the reason for the occurrence of synchronized
networks becomes clear and the underlying network topology is important [6,14].

The consensus problems rely heavily on matrix theory and spectral graph
theory. The interaction topology of a network is represented using a directed
graph G with the set of nodes and edges, in which neighbors of node i are
denoted as Ni. Consider a network of nodes with the following dynamics:

ẋi =
∑
j∈Ni

αij(xj(t)− xi(t)) (1)

where αij is the weight of node i on node j.
Reaching a consensus means asymptotically converging to the same state

values by an agreement characterized by the following equation:

x1 = x2 = · · · = xn = α (2)

Assuming that the underlying graph G is undirected (αij = αji for all ij), the
dynamics in Eq.1 converges to the average of the initial states of all nodes,

α =
1

n

n∑
i=1

xi(0) (3)

The dynamics of the system in Eq.1 can be expressed as

ẋ = −Lx(t) (4)

where L is the Laplacian matrix of G which is defined as

L = D −A (5)

where D is the diagonal matrix with elements of the degree and A is the ad-
jacency matrix ( n × nmatrix) with elements αij = αji for all i, j where αij

is 1 if node i and node j is connected or 0 if they are disconnected. Because
in our model networks are undirected, L is a symmetric matrix with all real
entries. The Laplacian L is a positive semi-definite matrix, and all eingenvalues
are nonnegative, and we order the Laplacian eigenvalues as

0 = λ1(L) ≤ λ2(L) ≤ · · · ≤ λn(L) (6)



The question is how consensus performance depends on network topology.
An answer to this question is given by the ratio(λn(L)/λ2(L)) of the second
smallest eigenvalue λ2(L)(λ2 which is known as algebraic connectivity), and the
largest eigenvalue λn(L).

3 Risk propagation in Networks

Many real-world processes are diffusive in nature, giving rise to optimization
problems where the goal is to maximize or minimize the spread of some entity
through a network. For example, in epidemiology, the spread of infectious dis-
eases should be minimized. In marketing activity, one individual’s adoption of
a certain marketed product may trigger his or her friends or fans to adopt that
product as well. In this case diffusion should be maximized in the social network.

Cascading failure is one of big problems of complex network [4]. Many types
of real networks increase interdependencies and this creates challenges for man-
aging risks. This is especially apparent in areas such as financial institutions and
enterprise risk management, where the actions of a single actor in an intercon-
nected network can impact all the other actors in the network. While more links
between banks might be expected to increase the risk of contagion. A densely
connected network may be less susceptible to contagion than those with a sparse
network structure with few connections. Incomplete networks are more prone to
contagion than complete structures. For instance, better-connected networks are
more resilient, since the proportion of losses in one node is transferred to more
nodes through a network. On the other hand, in the case of an incomplete net-
work, the failure of one node may trigger the failure of the entire network [15].

There is empirical evidence from a range of disciplines that as the connectivity
of a network increases, we observe an increase in the average fitness of the system.
But at the same time, there is an increase in the proportion of failure events
which are extremely large. The probability of observing an extreme event remains
very low, but it is markedly higher than in the system with lower degrees of
connectivity [16].

The network is also subjected to external negative shocks both with respect
to the size of the shock and the spatial impact of the shock. In this context,
there are entire classes of problems, ranging from the control of cascade failures
to information diffusion, which are naturally defined as optimization problems.
More interconnections means higher levels of insurance, but also higher risk of
contagion, and small shocks can wipe out large parts of the whole system.

Our basic question is how the network structure impacts macroscopic diffu-
sion patterns, especially the ratio of infected nodes. This question can be investi-
gated by obtaining epidemic thresholds of various network topologies. Diffusion
only starts when there is a high propagation rate β in a network that has a
sizable largest eigenvalue.

The principal eigenvalue of the adjacency matrix A (λ1(A)) provides useful
information for determining how risk such as an epidemic disease diffuses. Wang
suggests the largest eigenvalue of the adjacency matrix which also characterizes



the network topology is closely related to the ease of risk contagion [17].The
risk diffusion process can be characterized as a threshold phenomenon, and the
threshold is characterized by the inverse of the largest eigenvalue, i.e.,

βcri ≃ 1/λ1(A) (7)

This threshold provides the conditions under which risk does not diffuse and
it dies out (βcri < 1) or it diffuses in a large-scale (βcri > 1).

4 An Evolutionary Design of Optimal Networks

The optimization has a long history and it is most often connected to a function
that the system performs. It comprises the variation principles or the survival-
of-the-fittest principles that pervade biology and engineering, the funding hy-
potheses of numerous computer algorithms, and the frameworks for addressing
the improvement of efficiency in various contexts. However, most traditional
optimization problems have a strict mathematical definition, which refers to ob-
taining the solutions that strictly optimize a well-defined objective function. Here
we adopt a looser definition of the word by extending it to include a tendency
of the system to improve its behavior as a result of a selection pressure based
on artificially imposed fitness function.

<Case 1> The fitness function for fast consensus

We study the design of the network topology that optimizes the rate of con-
vergence of the iterative consensus algorithm. We reformulate the topology de-
sign problem as a spectral graph design problem, namely, maximizing the ratio
γ = λn(L)/λ2(L) of two eigenvalues of the graph Laplacian L. It is obvious
that the network with a minimum eigenvalue ratio is a fully connected complete
network. Therefore we consider the optimization under constraint of the link
density. Then the fitness function to be minimized is

E(ω) = ω(
λn

λ2
) + (1− ω)⟨k⟩ (8)

where ω(0 ≤ ω ≤ 1) is a parameter controlling the two objects. The average
degree ⟨k⟩ of a network with the adjacency matrix A = (aij) is defined as

⟨k⟩ = 1

n

n∑
i=1

n∑
j=1

aij (9)

We use the MGG model for the change of generations [18]. Especially we
select two best networks and their adjacency matrices are crossover as shown
in Fig.1 to generate two better networks. We use crossover rate at 0.7, and
mutation rate is set at 2/nC2 , i.e. reverses of two links per one generation. We use
the multi-point crossover. After crossover, each element in the matrix switches



to a reverse state with a specific probability. There is the possibility that an
isolated network appears after crossover and mutation. In this simulation, when
an isolated node appears in a new network that the node has zero distance to
another node, we dump the network. Therefore, we can use non-isolated matrices.
After long generations have passed, we can obtain an optimal network which
minimizes the fitness function defined in Eq.10.

The obtained optimal network is characterized as a homogeneous network
where each node has almost the same degree. In Table 1 we show the eigenvalue
ratio λn/λ2 of a regular network with the degree k = 4, a small-world network
generated from a regular network with rewiring probability p = 0.3, a random
network with the average degree k = 4, a random regular network with the
degree k = 4, and an evolutionary optimized network. All networks have the
number of nodes, n = 500. An evolutionary optimized network has the smallest
the eigenvalue ratio and it is optimal in the sense to maximize the speed of
convergence in consensus problem.

Table 1. The algebraic connectivity λn/λ2 of various networks: all networks have the
same network size n = 500, and the degree (average) is k = 4.

Network Regular Small World Random Random Regular Optimized

λn/λ2 7812.5 46.7 19.3 13.2 12.3

Fig. 1. Degree distribution of the networks for ω = 0.97: In the dashed graph - the
optimized network; dotted graph - the random network that has the same number of
links.



<Case 2> The fitness function for minimizing risk propagation

In Section 3, we discuss that the diffusion in a network is a threshold phenomena
and the threshold is determined by the inverse of the largest eigenvalue(λ1(A))
of the adjacency matrix. Another important factor to determine diffusion is the
number of link. In the many cases not only risk managements, the network with
a lot of links has a good performance. For example, in the case of the airway
network, if every airport is directly connected by an airline, travel time will
be reduced drastically. And in the case of the computer network, if hosts are
connected directly by a communication link, the congestion may not happen.

The network with a larger maximum eigenvalue helps faster risk contagion
on the network. On the other hand, average number of links on each node (the
average degree) ⟨k⟩ of the network is related to risk sharing. When nodes have
more links, nodes becomes more stable against external failures because they
still have alive nodes after some neighboring nodes become failure.

In our GA process, we evaluate a given network by maximum eigenvalue
λn(A) and average degree ⟨k⟩, which is associated with average degree ⟨k⟩, Eq.11
defines the fitness function to minimize in our GA.

E = ωλ1(A)/(N − 1) + (1− ω)/⟨k⟩ (10)

where ω(0 ≤ ω ≤ 1) is a parameter controlling the linear combination of the
λn(A)/(N − 1) and 1/⟨k⟩.

In typical cases of ω, we can easily imagine optimal network topology. For
instances, if we set ω = 1, GA minimizes only maximum eigenvalue then we have
a tree type network which has λn(A). And if we set ω = 0, GA minimizes only
1/⟨k⟩ then we have complete graph which has λn(A) = N − 1 and ⟨k⟩ = N − 1.
By varying parameter ω(0 < ω < 1), we have the network which has the smallest
maximum eigenvalue.

5 Simulation Results

We show that the convergence speed is much faster in evolutionary optimized
networks than Ramanujan graph or random regular networks which are currently
known as the best networks in the literatures [7, 11].

<Case 1> Comparison of convergence speeds in consensus problems

The speed of convergence are compared with the initial value of each node

xi(0) = i i = 1, 2, . . . , n (11)

We consider the network topologies, the evolutionary optimized and the ran-
dom network with the same degree ⟨k⟩ = 4. In Fig. 3 we show a comparison
of the convergence to the agreement (the average of initial values) under the
optimized network for ω = 0.97, and random network. We can observe that the
convergence to agreement is much faster under the optimized networks.



(a) Convergence on the optimized
network

(b) Convergence on the random
network

Fig. 2. Comparison of the convergence speeds

For an evolutionary optimized network topology, the convergence is much
faster to the global consensus than for structured graphs, such as random graphs,
or graphs exhibiting small-world characteristics. Finally, we compare with ran-
dom regular graphs that are easy to construct, can be designed with arbitrary
number of sensors, and whose spectral and convergence properties make them
practically equivalent to evolutionary optimized network topology.

<Case 2> Comparison of risk propagation

Different networks exhibit different features with different largest eigenvalues.
We can optimize a network topology using an evolutionary approach, where we
select a proper fitness function. To maximize diffusion, for instance, we should
have a network with the largest possible eigenvalue of the associated adjacency
matrix. It is obvious that a fully connected complete network fulfills that require-
ment. Since this is rare, we should consider optimization where the network is
constrained by the average degree.

Our basic question is to investigate how the network structure impacts on
macroscopic diffusion patterns, especially the ratio of infected nodes. This ques-
tion can be investigated through by obtaining epidemic thresholds of various
network topologies. The diffusion only starts with high the relative propagation
rate β in a network with a higher largest eigenvalue. We compare the largest
eigenvalues of a random network of a scale-free network and of the evolutionary
optimized network with the same average degree. We define the score s of an
epidemic on a graph

s = β/βKN (12)

Figure 3 shows the diffusion rates over time for various values of the score s in
log-log scales. The dotted lines shows the case for s = 1. We observe a clear trend
and the below the threshold (s = 1), the diffusion dies out while the diffusion
starts above the threshold (s > 1) on the network with the largest eigenvalue.
However the diffusion only starts with a higher score in a scale free-network and
it requires a much higher score (high propagation probability) to diffuse in a



random network. Therefore we can observe that diffusion is easier to start with
a lower propagation probability β in a network with a higher largest eigenvalue
(KN network) [19–21].

We simulate risk contagion by threshold risk contagion model on three type
networks: an evolutionary optimized network by our proposed method, an Erdös
and Rény (ER) random network and a scale free network.

Fig. 3. The ratios of infected nodes ρ as a function of propagation probability β =
Score× βKN in different network topologies: random network, scale-free network (SF)
and the network with the maximum eigenvalue (KN network).

6 Conclusion

Designing desirable networks is complex and it may pose a multi-constraint and
multi-criterion optimization problem. We presented a genetic optimization ap-
proach to designing an optimal network for best consensus while simultaneously
minimizing risk propagation. We investigated and compared convergence speeds
of evolutionary optimized networks. Results obtained are compared with those
obtained by traditional approaches.

Optimized networks are homogeneous networks having almost the same de-
gree and node-to-node distance. However the optimized network is not Ramanu-
jan graph (random regular network) in which all nodes have the same degrees.
Most of the nodes have the same degrees but some nodes have more nodes and
some other nodes have less nodes than the majority of nodes. Solving a net-
work design problem of additional complexity by including a larger number of
objectives and constraints is an area of further investigation.
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7. L. Donetti, F. Neri, and M. A Muñoz. Optimal network topologies: expanders,
cages, ramanujan graphs, entangled networks and all that. J. Stat. Mech., Vol. 26,
pp. 134–144, August 2006.

8. M.H. Degroot. Reaching a consensus. Journal of the American Statistical Associ-
ation, Vol. 69, pp. 118–121, March 1974.

9. R. Olfati-Saber, J.A. Fax, and R.M. Murray. Consensus and cooperation in net-
worked multi-agent systems. Proceedings of the IEEE, Vol. 95, No. 1, pp. 215–233,
2007.

10. S. Boyd, F. Diaconis, and L. Xiao. Fastest mixing markov chain on graph. SIAM
Review, pp. 121–155, 2004.

11. S. Kar, S. Aldosari, and J.M.F. Moura. Topology for distributed inference on
graphs. IEEE Trans. On Signal Processing, Vol. 56, pp. 2609–2613, 2008.

12. S. Kar, S. Aldosari, and J.M.F. Moura. Consensus based detection in sensor net-
works. International Workshop on Information Theory in Sensor Networks, June
2007.

13. L. Xiao and S. Boyd. Fast linear iterations for distributed averaging. Systems and
Control Letters, Vol. 53, pp. 65–78, 2003.

14. X.F. Wang and G.Chen. Synchronization in scale-free dynamical networks: robust-
ness and fragility. Circuits and Systems I: Fundamental Theory and Applications,
IEEE Transactions on, Vol. 49, pp. 54–62, Jan 2002.

15. D.Sornette. Critical Phenomena in Natural Sciences: Chaos, Fractals, Selforgani-
zation and Disorder: Concepts and Tools. Springer, Heidelberg, Germany, 2006.

16. F. Allen and D.Gale. Financial contagion. Journal of Political Economy, Vol. 108,
No. 1, pp. 1–33, 2000.

17. D. Chakrabarti, Y. Wang, C. Wang, J. Leskovec, and C. Faloutsos. Epidemic
threshold in real networks. ACM Trans. On Information and System Security,
Vol. 10, No. 4, pp. 131–156, 2006.

18. H.Sato, O.Isao, and K.Shigenobu. A new generation alternation model of genetic
algorithms and its assessment. Journal of Japanese Society for Artificial Intellli-
gence, Vol. 12, No. 5, pp. 734–744, 1997.

19. Takanori Komatsu and Akira Namatame. Dynamic diffusion process in evolution-
ary optimized networks. International Journal of Bio-Inspired Computation (in
press), 2011.

20. Takanori Komatsu and Akira Namatame. An evolutionary optimal network design
to mitigate risk contagion. In 2011 Seventh International Conference on Natunal
Computation (ICNC), pp. 1954–1959. IEEE, 2011.

21. Takanori Komatsu and Akira Namatame. Optimal diffusion in evolutionary de-
signed networks. Proceedings of Econophysics Colloquium 2010, November 2010.


