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Heuristic and Exact Algorithms for the
Precedence-Constrained Knapsack Problem'

N. SAMPIHAIBOON AND T. Yamapa’

Abstract. The knapsack problem (KP) is generalized taking into
account a precedence relation between items. Such a relation can be
represented by means of a directed acyclic graph, where nodes corre-
spond to items in a onc-to-onc way. As in ordinary KPs, each item is
associated with profit and weight, the knapsack has a fixed capacity,
and the problem is to determine the set of items 10 be included in the
knapsack. However, each item can be adopted only when all of its pre-
decessors have been included in the knapsack. The knapsack problem
with such an additional set of constraints is referred to as the pre-
cedence-constrained knapsack problem (PCKP). We present some
dynamic programming algorithms that can solve small PCKPs to opti-
mality, as well as a preprocessing method to reduce the size of the prob-
lem. Combining these, we are able o solve PCKPs with up to 2000
items in less than a few minutes of CPU time.

Key Words. Combinatorial optimization. dynamic programming,
knapsack problem. precedence constraints.

1. Introduction

Let Gy = (V. Eq) be a directed graph (Refs. 1-3) with vertex set
I("O = {‘-l‘ “:1 e e Wy :
and edge set

Ey={ej.er,....e,} S Vox V.
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We assume that G, is acyclic; i.e., no directed cycles are included in G,.
Then. without loss of generality, we can assume that the vertices of Gy are
topologically sorted (Ref. 4), in the sense that

(vi. vj)€ E implics i <.

Here. ¥V, represents the set of items that can be included into a knapsack of
capacity . Associated with each v.€ V' are its weight w, and profit p;,. We
assume that W is a positive integer, while w; and p; are nonnegative integers.
The edge set E, stands for some precedence relations among the items. That
is, (v;, v;)€ E implies that item j can be adopted only when item i has been
included in the knapsack. Such a problem may be encountered by a college
student who wishes to earn as many credits as possible in four years. Usu-
ally. precedence relations exist among the subjects in the form of
prerequisites.

This problem can be formulated mathematically as a 0-1 programming
problem (Ref. 5). Let x; be a variable such that

X =1, if item / is adopted,
x; =0, otherwise.

Then. we have the following precedence-constrained knapsack problem:

(PCKP) max p(x)= Y pix.

we Vo
s.t. Y woxs W,
vie Vo
X2 X . V(v.vy)e Ko,

x;e{0,1}, Yv.e V.
Here, without loss of generality, we assume that

w<hW and Y w>W,
vie Vg
since otherwise the problem is trivial. PCKP is. .7 -hard (Ref. 6); because
without the second group of constraints, it reduces to the knapsack problem
(KP, Refs. 7-9), which is already . +.7 -hard.

Thus, KP can be regarded as a special subclass of PCKP with £, =@.
Another important subclass of PCKP is the tree-knapsack problem (TKP,
Refs. 10-12), where G, is a directed tree with root node v,. Hirabayashi et
al. (Ref. 13) formulated a tool-module design problem as a PCKP on bi-
partite graphs. Moriyama ct al. (Ref. 14) generalized this into PCKP undcr
the name of partially-ordered knapsack problem. and developed a branch-
and-bound algorithm with some numerical experiments.
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In this article, we present some dynamic programming algorithms that
can solve small PCKPs to optimality. as well as a preprocessing method to
reduce the size of the problem. Combining these, we are able to solve
PCKPs with up to 2000 items in less than a few minutes of CPU time.

2. Recurrence Relations

In an acyclic graph Gg = (Vo, £p), v'€ Vy is a descendant of ve Vy if

there exist an integer kK 20 and a sequence of vertices v=1"v'. ... o=y
such that

(V' YeEy.  fori=0.1..... k-1

This is denoted as v ~', and v is an ancestor of 1. Note that v is a descend-
ant (ancestor) of itself. Let the sets of all descendants and all ancestors of v
be denoted as

D.:={veVyjr >V},
A= Ve Vohv ~v}

For a subset of vertices V'V, Go| denotes the subgraph of G
restricted to V with corresponding edge set

E={ecEylec VX VV}.

If there is no confusion, G|, is simply denoted as G = (V, E). By top(G),
we mean the vertex with the smallest index in V. namely.
tOP(G) = vmin{:’i we V). (1)
Subgraph G is said to be a singleton if || =1, and is said to be empty if
V=g.
Corresponding to an arbitrary subgraph G =(V, F), we introduce a
restriction of PCKP to G as the following problem:

(PCKP(G.w)) max p(x)= 3 px,

ve b’

s.t. Y owaxsSw,
vie I

,\'52,\']‘. V(V,', Vj)E E,
x;e{0,1}, Vve V.

This is also referred 1o as subproblem G for simplicity. Let the optimal
objective value to this problem be p*(G, w). Then, clearly the optimal value
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to PCKP is
p*=p*(Gy, W).
Note also that, if we fix
Noptiy = |

in PCKP(G. w). the objective value is piopq) plus the optimal value from the
remaining nodes ¥\{top(G)} with the reduced knapsack capacity
W = Wiop(- On the other hand. if we set

Ytop(G) = 0+

all the descendants of top(G) are excluded. and we will have the subgraph
with node set ¥\ D).
Define the left and right children of G by

Go= GI 1\ {top(€)) (2)
Gr= G| v Doy (3)

Then, the optimal values from these children are
Popicy ¥ PHGL, W = Wiopy) and p*(Gr. w), respectively. Thus. we have

PHG.w) = max{ poper + PHGL. W= Weapin)- P*(Gr. W)}, (4)

and the optimal decision for x.pq) is given by

l. i Popy+ PG, w — 1wy 2 p*(Ggr, w).
e “_):z{ iwp p((') PHGL W~ Wiopg)) 2 p* (G, W) 5)
0, otherwise.
For the case of singleton, i.e., V= {v;}, we have immediately
*(G.w): {,—. i w2y, )
] w).= .
p 0, otherwise,
with
HGow): {l. if w =, o
*(Gow) =
0, otherwise.
For the empty graph, we have
pHD. w)=0. (8)

Example 2.1. Consider the PCKP on the acyclic graph of Fig. |
with weights and profits shown at each vertex as w;/p;. For subgraph
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G =(011111), we have
top(G) = v,
D= {r2vsve s
and the left and right children are
G, =(001111), Gr=(000110),

respectively. Here. we employed a convention to identify subgraph G =
(V. E) with the index vector (g;), defined by g;= 1 & vie V.

3. Dynamic Programming Algorithms

Consider again the problem of Fig. 1 with W =8. Starting from Gy. let
us create the left and right children of each subproblem as far as possible.
For example, since 1op(Gy) = v;, by fixing x; at 1 and 0 respectively, we
obtain the left child G, = (011111), and the right child which happens to be
empty this case. Similarly, from G;, we have G>=(001111) and Gy=
(000110} as its left and right children.

Figure 2 shows the tree obtained by completing the whole process. and
Table | lists all the subproblems together with the vectors

p*(G):=(p*(G,0)..... pXG. W)

4/1

1/2

2/3

2/2

Fig. 1. PCKP for Example 2.1.
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Fig. 2. Tree of subproblems for the PCKP of Fig. 1.

and

x*¥(G) = (MG, 0), ..., x* G, W),
Note that all terminal nodes of Fig. 2 are singletons for which
{p*(G), x*(G)} is easily found by (6)—~(7). Then, these vectors can be propa-
gated upward along the tree via (4)-(5), as shown in Table 1 where sub-

problems are listed as encountered in postorder traversal (Refs. 4 and 15)
of Fig. 2.

Table 1. Vectors p*(G) and x*(G) subproblems in

Fig. 2.

G Index p*G) x*G)

G 000001 002222222 001111111
G, 000011 003355555 001111111
G 000111 000225577 000111111
G, 000010 003333333 001111111
Ge 000110 000225555 0ooL11111
G, ool111 000225556 000000001
Gy 000010 003333333 00111111
Gs 000110 000225555 000111111
G, 01111 022245777 011110111

Go 111111 000013335 000011111
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The following algorithm generates automatically subproblems, con-
struct the tree, and calculates the vectors p*(G) and x*(G) upward along
the tree in a recursive way.

Algorithm 3.1. DPI.

Input.  Subgraph G.

Output. Vectors p*(G) and x*(G).

Step 1. If G is a singleton, find p*(G) and x*(G) by (6)-(7) and return.
Step 2. Otherwise. do the operations below.

(i)  Define subgraphs G, and Gz by (2)-(3).

(i) Find p*(G.) and x*(G;) by calling DPI recursively with
G;.

(i1i) Find p*(Gg) and x*(Gr) by calling DP1 recursively with
Gr.

Step 3. Calculate p*(G) and x*(G) via (4)—(5).

Indeed, Table 1 is the output from this algorithm. and the optimal value is
found to be p* = p*(G,, 8) = 5.

Once the vectors p*(G) and x*(G) are obtained for all subproblems on
the tree of Fig. 2. we find the optimal solution to PCKP by traversing the
tree downward from Gy in the following way.

Algorithm 3.2, Downward.

Input. Tree of subproblems with p*(G) and x*(G) for all subprob-
lem G.

Output.  Optimal solution x* and optimal value p*.

Comment. w denotes the remaining knapsack capacity at cach node.

Step 1. Initialization. Set w:= W. G = Gy, x* =0, p* = p(Go, W).

Step 2. If G =@, output x* and p* and stop. Otherwise, if x*(G. w) =

1, go to Step 3: else, go to Step 4.

Step 3. Set i:=top(G), x¥=1. wi=w—w, G:=G_. and go to Step 2.

Step 4. Set G:= Gg, and go to Step 2.

Algorithms 3.1 and 3.2 constitute the forward and backward sweeps of
the dynamic programming calculation (Refs. 16 and 17) along the tree of
subproblems.

Example 3.1. For the PCKP of Example 2.1, the output from this
algorithm is shown in Fig. 2 in bold arrows together with the value of w at
cach subproblem. Thus, we obtain the optimal solution x* = (110100) with
p*=5.
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One drawback with Algorithm DP! is that it generates many identical
subproblems repeatedly along the tree. For example. in Fig. 2. G¢ and Gs
are the same (see also Table 1), and all the descendents from the same
subproblems are identical with each other. Thus, DP1 calculates the same
vectors repeatedly along these subproblems. To avoid this, instead of calling
DPI1 recursively with G, or G in Step 2 of DP1, we may check if the same
subproblem has been generated already. In Fig. 2. before creating the right
child of G,. we see that the same problem has been generated as Ge. In such
a case, we can refer to the previous results, as indicated by a link from G,
to Ge in Fig. 3, and thus reduce the number of subproblems generated.

To realize this savings in the number of subproblems, we need to keep
the set of all previously generated subproblems. Let % denote this, which is
initially £ = @. Then, the revised algorithm is as follows.

Algorithm 3.3. DP2.

Input.  Subgraph G.
Output. Vectors p*(G) and x*(G).
Step 1. If Gis a singleton, find p*(G) and x*(G) by (6)—(7) and return.
Step 2. Otherwise. do the operations below.
(i) Define subgraphs G; and G by (2)-(3).

Fig. 3. Contraction of tree in Fig. 2.
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iy IfGre's, find {p*(GL). x*(GL)} from % and go to (iii).
Otherwise, call DP2 with G, and obtain {p*(G,).
x*(G.)}. Update £ by inserting G, together with the
above obtained vectors.

(it If Gre £, find {p*(Gr). x*(Gg)} from < and go to Step
3. Otherwise, call DP2 with Gz to obtain {p*(Gg).
x*(Ggr)}. Update £ by inserting G together with the
above obtained vectors.

Step 3. Calculate p*(G) and x*(G) via (4)-(5).

In implementing Algorithm DP2, we need to specify the data structure
for ¢ . This may be realized simply by using a linked list (Refs. 4 and 15).
Alternatively, we may have £ as a binary tree, where each subproblem is
identified with the binary number representation of its index vector. We
implemented Algorithm DP2 with # as a binary tree, since it takes
O(log|« |) time both to insert and retrieve a record. Usually, this outper-
forms other data structure for large |€ .

4, Numerical Experiments: DP Algorithms

To evaluate the performance of the dynamic programming algorithms
developed so far. we have conducted a series of numerical experiments on
a variety of test problems. The instances tested are Random and Lattice as
shown in Fig. 4. These are prepared as follows.

(a) Random. This consists of nodes {v.vsy....,v,}: for all i j
satisfying 1<i<j<n. we create the edge (v, 1;) with probability A€[0. 1].
Next, all maximal vertices are connected from v, and all minimal ones are
connected to v,, so that v, [v,] is the unique maximal [minimal] element in
the graph.

(b) Lattice. This consists of sx lattice point nodes v,.; i=
0.1,...,s-1 and j=1,2....,1. and two additional nodes v, and v,.,.
First, we assume vertical edges {(v;, v;.,} fori=1.2..... (s — 1x. Then, for
1 i< j<i+1, wecreate edge (v..1;) with probability A. Finally, v, is connec-
ted to vy, va.....v,,and v, _,.y,..., ¥, are linked to v, .. respectively.

The weights and profits are generated randomly and independently in
[1,100]), and we have tested the cases of A=0.2 or 0.4 and W = 10n or 25n,
for n ranging between 20 <n < 200.

Table 2 summarizes the result of experiments for (a) Random instances.
and Table 3 is for (b) Lattice instances. Here, we show the number of sub-
problems generated (#Sub) and the CPU time in seconds for the cases W=
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Fig. 4. Test problems: (a) Random instance; (b) Lattice instance.

Table 2. Performance of DP algorithms for (a) Random instances.

DPI DP2

A n #Sub CPUI0 CPU25 #Sub CPU10 CPU25
0.2 20 671.9 0.032 0.067 84.7 0.006 0.012
0.2 40 4124.4 0.481 0.948 3354 0.078 0.128
0.2 60 9200.0 2.660 4.919 657.6 0.392 0.542
0.2 80 — — — 983.2 1.150 1.467
0.2 100 — — — 1243.4 2.856 3.341
0.2 150 — — — 22025 15.398 17.023
0.2 200 — — — 3009.0 49.631 —

0.4 20 89.0 0.005 0.007 43.8 0.002 0.005
0.4 40 226.6 0.048 0.072 109.3 0.033 0.049
0.4 60 364.1 0.234 0.307 173.4 0.161 0.197
0.4 80 574.2 0.771 0.927 2476 0.497 0.565
0.4 100 612.5 1.587 1.804 288.3 1.118 1.220
0.4 150 987.0 8.340 8.860 437.7 5.579 5.829

0.4 200 1447.5 29.590 — 614.9 19.032 -
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Table 3. Performance of DP algorithms for (b) Lattice instances.

DPI DP2

A s ¢  #Sub  CPUI0 CPU25  #Sub  CPUIO CPU25
02 42 4 10 7561 0.093  0.182 1471 0027 0,048
02 42 10 4 24106 0297 0.8l 3294 0075 0123
02 6 6 10 20769 0511 0904 3250 0128 0201
02 6 10 6 49550 1104  2.065 4822 0213 0323
02 82 4 20 14758  0.569  0.949 3031 0.169 0259
02 82 20 4 158014 7.682 12.628 9489 0912 1217
02 102 5 20 35946 1.849  3.088 5071 0423 0.620
02 102 20 5 204733 15152 24300 12804  L.789  2.300
02 152 s 30 - - - 8034 1301  1.808
02 182 30 5 — - - 1988.6  7.302  8.581
02 202 8 35 — — — 17574 6123 —
02 202 25 8 — - — 30291 18033 —
04 2 4 10 166.1 0025 0044 89.4 0017 0.030
04 42 10 4 2008 0.039  0.064 1071 0028 0043
04 62 6 10 3094 0097 0154 1545 0068  0.099
04 62 10 6 3636 0128 0.195 1655  0.088 0.2
04 82 4 20 3747 0167 0.261 1915 0415 0.170
04 82 20 4 5186 0.465  0.600 2283 0.297  0.361
04 102 5 20 5849 0.384  0.574 2653 0252 0.349
04 102 20 3 7157 0933 1168 3077 0.603 0717
04 152 5 30 896.5 1175 1.656 3990 0754 0984
04 152 30 5 962.8 3703  4.225 4513 2569 2.833
04 202 8 25 13781 3860 — 6058 2560 —
04 202 25§ 13589 8169 — 6064 5434 —

10n (CPU10) and W =251 (CPU2S) with respect to algorithms DP1 and
DP2. Each row is the average of 10 independent runs. The entries with
dashes () show the cases which were unsolvable due to insufficient com-
puter memory.

From these tables, the following conclusions emerge:

(i) DP2 is superior to DPl in both CPU time and memory
requirements.

(i) For smaller A. more subproblems are generated. and the CPU
time is longer in both DP1 and DP2.

(iil) The number of subproblems generated is insensitive to I, and
the CPU time increases only slightly as ¥ increases.

(iv) DP2 is superior to DPI1 for smaller A. To see this, consider the
ratio of the numbers of subproblems generated. (#Sub for DP2)/
(#Sub for DP1). This is considerably smaller for A = 0.2 than for
A=04.
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(v) In Lattice, problems with fewer rows (s<r) are easier to solve
than problems with more rows (s> 1).

With these DP algorithms, it is difficult to solve problems with more
than a few hundred items, since these algorithms require memories to keep
the (W + [)-dimensional vectors p*(G) and x*(G) for all the subproblems
generated.

5. Heuristic and Reduction Algorithms

To solve larger problems, in this section, we propose a preprocessing
method, consisting of a heuristic algorithm that finds quickly a lower bound
to the optimal objective value and a reduction method to make the size of
the problem smaller. The latter makes use of the lower bound and fixes
considerably many variables at either 0 or 1. Thus. eliminating the fixed
variables, we are left with problems of much smaller size that can be solved
casily by the DP algorithms of the previous sections.

5.1. Greedy Algorithm. The following is a greedy algorithm that tries
to adopt items. one by one, into the knapsack as far as possible.

Algorithm 5.1. Greedy.

Comment. pg and wg are the current knapsack value and weight.
Step 1. Set x=0, ps=0, we:=0.
Step 2. Look for an item j such that:

(1) X = 0,
i) x=1,¥(vy)e kb,
(i) we+w=W.
If such an item j is found. go to Step 3. Otherwise. output
Xg = x and pg; then, stop.
Step 3. Set x;:=1, pgi=ps+p;, W= wg+w;, and go to Step 2.

The output (xg. ps) from this algorithm is referred to as the greedy solution.

Example 5.1. For the PCKP of Fig. 1, we have xs=(110100) with
Pc= 5.
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5.2. Reduction of the Problem. Let x*=(x}) be an optimal solution
to the PCKP. For each item i, we define

‘[',- = 2 H"j. (9)
vj€ Ay;

p= 3 p; (10)
vjeé Dv,

Then. the following proposition is straightforward.
Proposition 5.1. (i) w;> W implies x}¥ = 0; (ii) j; < pi; implies x¥* =

Proof.
(i) Ifx¥=1, we have x} =1 for all v;e 4,,. Then,

T )
z “j,\,j 2“’,'> W,
vi€ I

which is a contradiction.
(i) Ifx*=0. we have x} =0 for all veD,,.

Then,
2 PXFSP;i<pg.
vie ¥
Therefore, x* is not optimal. which is also a contradiction. O

This proposition serves as a pegging test (Ref. 18) to fix some of the
variables at either 0 or I, and thus reduce the size of the remaining problem.

Example 5.2. For the PCKP of Example 2.1. Table 4 gives w; and ;.
From this and pg = 5, we can fix x¥ = x¥ = 0 (superscript b in Table 4) and

Table 4. Reduction of PCKP, Example 5.2.

Vertex Ancestors Descendants W Pi
v vy Vi, T, ¥3, Vg, Vs, Ve 4 0
Vs v, V2 V2, ¥3, Ve 5 6
vy vy, Va, V3 Vi, Vs 8 8
vy Vi, Vs Vi, Vs, Ve 7 ¥
Vs Vi, Vi, Vs Vs, Ve 9 6
Ve Vi, V2, Vi, Ve, Vs, Ve, vy 15> 9
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x¥ = x¥ =1 (superscript 4 in Table 4); eliminating the fixed items, the prob-
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1/2

(v2)
(v3)

3/1

Fig. 5.

0/0

V.

Reduced PCKP.

lem is reduced to the PCKP of Fig. 5.

Example 5.3,

preprocessing is quite effective in PCKP.

W=1

0/0

As an example of larger problems, we solve a Random
instance with n =200, A=0.4, and W =2000. By DP2, we obtain the opti-
mal value p* = 1862 in 19.8 s. On the other hand, we get a greedy solution
with pg = 1676, and with this. we fix 177 variables at 0 and 14 variables at
1. leaving a PCKP with only 9 variables. Solving this, we obtain again p* =
1862, with the total CPU time of 0.30s for greedy. reduction. and DP2
calculations.

Table 5 compares the CPU time with and without preprocessing. Each
row is the average of 10 independent runs. From this, we conclude that

Table 5. CPU time (sec) of DP2 with and without preprocessing,
Example 5.3.
Preprocessed DP2
n p* DP2 Preprocessing DP2 Total
60 673.9 0.16 0.029 0.000 0.029
100 1024.6 1.12 0.057 0.002 0.059
150 1461.6 5.56 0.148 0.004 0.132
200 1948.5 18.96 0.298 0.003 0.301
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6. Numerical Experiments: Larger Problems

Table 6 summarizes the results of the numerical experiments for (a)
Random instances with A =0.2 or 0.4, "= 23n, and » ranging from 500 to
2000. In addition to the independent case where w; and p; are uniformly and
independently distributed in [1, 100]. we have examined the correlated case,
where p; is related to w; through p; = w;+ 100. For each case. the percentage
of variables fixed in reduction (Fixed), the size of the reduced problem
(Size). and the CPU time in seconds are given. All entries are the average
of 10 independent runs; dashes (-) indicate the cases that were unsolvable
due to insufficient memory.

Table 7 gives similar results for (b) Lattice instances with A=0.2 or
0.4, W=25n and n ranging from 500 to 2000.

From these tables, we make the following observations:

(1)  In most cases, preprocessing eliminates more than 95% of vari-
ables, and reduces problems of up to 2000 variables into PCKPs
with a few dozens of items.

(iiy In solving PCKPs with preprocessing. most CPU time is con-
sumed in the reduction part. Total CPU time is approximately
proportional to 4.

(il)) In Lattice instances, problems with fewer rows (s<r) are easier
to solve than problems with more rows (s>1r), cven with
preprocessing.

(iv) Corrclation between weights and profits is almost insensitive to
the performance of the algorithms developed.

The last observation is in sharp contrast to many branch-and-bound

based knapsack algorithms (Ref. 9), which are usually weak for strongly-
correlated instances.

Table 6. Reduction of PCKP for (a) Random instances, ¥ =23n.

Uncorrclated Correlated

A n Fixed Size CPU Fixed Size CPU

0.2 500 96.70 18.5 2.184 96.52 19.4 2.183
0.2 1000 97.94 22.6 16.863 98.14 20.6 16.856
0.2 1500 98.81 19.8 36.203 98.80 20.0 55.986
0.2 2000 99.24 17.1 132.402 99.06 20.9 132.334
0.4 500 99.32 54 3.281 98.96 7.2 4.299
0.4 1000 99.51 6.9 33.280 99.59 6.1 33.380

0.4 1500 99.71 6.4 111.648 99.71 6.4 112.352
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Table 7. Reduction of PCKP for (b) Lattice instances, H = 25n.

Uncorrelated Correlated
A n s ! Fixed Size CPU Fixed Size CPU

0.2 502 50 10 96.53 19.4 0.526 95.84 229 0.591
0.2 502 10 50 96.40 20.1 0.250 97.35 133 0.233
0.2 1002 50 20 98.23 19.7 2172 98.26 19.4 2316
0.2 1002 20 50 98.46 17.4 1.294 98.15 20.5 1.306
0.2 1502 75 20 98.85 19.3 6.680 98.72 213 6.651
0.2 1302 20 75 98.81 19.8 2.815 98.87 19.0 2,771
0.2 2002 100 20 99.15 9.0 15.326 99.15 18.9 15.715
0.2 2002 20 100 99.20 18.0 5.673 99.11 19.8 5.667

0.4 502 50 10 99.18 6.1 0.861 98.80 8.0 0.854
0.4 502 10 50 99.04 6.8 0.282 99.26 5.7 0.292
0.4 1002 50 20 99.58 6.2 3.917 99.50 7.0 3.662
0.4 1002 20 50 99.57 6.3 1.837 99.44 1.6 1.947
04 1502 75 20 99.68 6.8 11.992 99.54 9.0 11.849
0.4 1502 20 75 99.74 5.9 4.040 99.71 6.3 4.346
0.4 2002 100 20 99.73 74 27942 99.78 6.4 27.863
0.4 2002 20 100 99.80 6.0 8.344 99.74 7.2 8.839

7. Inverse PCKP

The inverse of PCKP is formulated as the following problem:

(IPCKP) min w(x)= Y wx,.

vie g

s.t. Yy pix=P,

we Vo
X=X V(v v)e Eo.
x,E {O. l}, V\’,»E I’,().

Similarly, subproblem IPCKP(G, p) is defined with respect to an arbitrary
subgraph G=(V, E) and a required level p of lotal profit. Let w'(G, p)
denote the optimal objective value to IPCKP(G, p). where w'(G.p) = if
the problem is infeasible. Then. similar to (4), we obtain the recurrence
relation

w'(G. p) = min{wpne + wi(GL.p = Prop(Gh)s wH(Gg, D)} (11)

The optimal decision for x,oug,) IS

1, if Wiop1+ W (GL. P — Propy) =W (GR. p).
0, otherwise.

NG w)= [ (12)
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Thus, again we obtain the same tree of subproblems as the one obtained in
Section 3 (Fig. 2), and we can calculate the vectors

wi(G)=(wN(G,0). ..., w'(G. P,
XNG)=(NG.0),. ... X'(G, P)

by upward traversal of the tree. Next. we obtain an optimal solution x* by
tracing the tree downward. These constitute a DP algorithm to solve
IPCKP, which may be further improved by the contraction method of Sec-
tion 3.

The greedy method of Section 5 can be modified easily to find an
approximate solution to IPCKP with a suboptimal objective value w¢. By
definition. this gives an upper bound to the optimal value: i.e.. we have
we=w'. Then, corresponding to Proposition 5.1. we have the following
proposition, which can be used as a pegging test for IPCKP.

Proposition 7.1. (i) w;> wg implies x7 = 0; (i) p:< P implies x] = 1.

8. Concluding Remarks

We have formulated PCKP and developed DP and reduction algo-
rithms that can solve the problem with up to a few thousand items in a
reasonable computing environment. However, 1o solve larger problems,
farther refinements of the algorithms are needed. Especially, recursion elim-
ination from the DP algorithms may be worth trying, sincec programs with
recursion tend to be inefficient in actual execution. Also, diffcrent
approaches such as branch-and-bound methods should be explored.
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