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An Exact Algorithm for the Generalized Knapsack Sharing Problem
(Dedicated to Prof. K. IIDA)

By Masako FUJIMOTO™, Takeo YAMADA™™, Seiji KATAOKA™" and
Kohtaro WATANABE™ "~

O 0O: We are concerned with a variation of the knapsack problem as well as of the knapsack
sharing problem, where we are given a set of n items and a knapsack of a fixed capacity. As usual,
each item is associated with its profit and weight, and the problem is to determine the subset of

items to be packed into the knapsack. However, in the problem there are s players and the items are
classified into s+ 1 disjoint groups, N; (¢ = 0,1,---,s). The player k is concerned only with the items
in No U Ny, where Ny is the set of common items. We formulate the generalized knapsack sharing

problem as the one to maximize the minimum of the profits over all the players. An algorithm is
developed to solve this problem to optimality, and through a series of computational experiments, we

evaluate the performance of the developed algorithm.
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0 4.1 NUOPTOOODO
Table 4.1 Comparison against NUOPT.

NUOPT goooo
n s A

ooo CPU(sec) tKP  CPU(sec)
512 2 1/2 5459.9 6.73 602.1 0.279
1/4 4610.5 5.99 137.6 0.039
1/8 6368.7 7.61 58.8 0.014
4 1/2 14831.5 15.72 926.8 0.180
1/4 60279.6 61.63 354.3 0.054
1/8 84327.7 88.25 143.4 0.021
8 1/2 61466.2 61.02 1693.8 0.158
1/4 17656865.6 20629.03 746.7 0.051
1/8 27391101.4 34499.09 291.0 0.020
1024 2 1/2 7201.9 18.12 1098.6 1.428
1/4 14272.7 29.77 287.0 0.229
1/8 22130.1 42.20 83.6 0.047
4 1/2 58564.3 97.12 1926.8 1.202
1/4 648994.6 1067.66 575.8 0.266
1/8 1198330.9 1992.45 185.9 0.073
8 1/2 17719810.8 28242.71 4100.8 1.306
1/4 e e 1428.1 0.279
1/8 — — 449.6 0.083
2048 2 1/2 26287.4 106.16 1730.7 7.607
1/4 49228.4 161.28 496.7 1.151
1/8 32320.9 122.10 146.6 0.202
4 1/2 811542.2 2231.93 3259.6 7.078
1/4 2171312.0 5976.73 963.4 1.395
1/8 9231342.4 26728.33 318.1 0.363
8 1/2 E— E— 7361.1 8.334
1/4 E— E— 2670.2 1.689
1/8 e e 628.1 0.324

04.2 (a) 00000 (OO0, s=2)
Table 4.2 (a) The result of experiments (UNCOR, s = 2).

no A 000 $000  §KSP $KP  CPU(sec)
512 1/2  143207.6 263.7 3.5  602.1 0.279
1/4  118747.4 76.2 1.6 137.6 0.039

1/8  105372.9 36.5 1.1 58.8 0.014

1024 1/2  287017.7 504.4 3.6 1098.6 1.428
1/4  238262.9 179.0 1.6 287.0 0.229

1/8  212265.9 55.4 1.2 83.6 0.047

2048 1/2  580009.8 895.8 3.3 1730.7 7.607
1/4  478850.5 348.4 3.0  496.7 1.151

1/8  426933.0 105.8 1.4 146.6 0.202

4096 1/2 1160495.6  1223.7 3.7  2441.8 38.745
1/4  959227.7 559.6 1.9 719.0 5.326

1/8  852130.8 259.0 1.8 330.6 1.222

8192 1/2  2320109.1  1896.9 4.0 35358 228.598
1/4  1917876.8 771.8 1.6 1038.7 26.788

1/8  1704748.9 389.6 1.5 4625 4111
16384 1/2  4635270.9  2556.6 2.8  4307.3  1559.285
1/4  3835638.7  1347.8 1.6 1808.5 183.417

1/8  3409682.5 651.4 1.3 809.9 23.320
32768 1/2  9278281.5  3526.9 3.1 56325  9027.214
1/4  7671686.7  2042.0 2.0 29949  1532.052

1/8  6826241.1  1025.7 1.6 1380.6 155.206
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04.2 (b) 000000 (000, s=4)
Table 4.2 (b) The result of experiments (UNCOR, s = 4).

n A ooo t000 tKSP tKP CPU(sec)
512 1/2 129161.2 194.5 4.2 926.8 0.180
1/4 89622.4 79.6 2.9 354.3 0.054

1/8 67943.7 32.5 1.7 143.4 0.021

1024 1/2 257614.7 419.1 4.7 1926.8 1.202
1/4 179284.2 161.2 2.1 575.8 0.266

1/8 136604.4 58.9 1.1 185.9 0.073

2048 1/2 520353.5 726.7 5.1 3259.6 7.078
1/4 359129.1 268.8 2.8 963.4 1.395

1/8 274233.0 109.6 1.6 318.1 0.363

4096 1/2 1042916.8 1382.1 5.0 6287.3 53.839
1/4 720578.1 560.3 2.6 1782.2 8.908

1/8 546848.4 244.7 1.6 646.0 2.144

8192 1/2 2085952.3 1949.2 5.3 8538.4 329.111
1/4 1442061.1 914.1 2.9 2710.5 51.042

1/8 1095595.0 386.2 2.0 822.2 8.035

16384 1/2 4164292.5 2911.3 3.6 12590.0 2682.876
1/4  2885712.1 1356.4 1.9 3748.1 338.651

1/8 2192246.5 549.4 1.6 830.3 26.047

32768 1/2 8335031.6 3442.4 2.6 12449.2 13600.522
1/4  5765504.1 1703.5 1.8 3911.1 2095.001

1/8 4389332.8 926.7 1.1 1538.7 235.187

042 (c) 000000 (ODDO,s=238)
Table 4.2 (c) The result of experiments (UNCOR, s = 8).

n A 000 $000  $KSP $KP  CPU(sec)

512 1/2 124412.4 175.2 4.5 1693.8 0.158

1/4 76073.3 74.9 2.6 746.7 0.051

1/8 49696.0 26.4 2.1 291.0 0.020

1024 1/2 247913.5 452.2 5.3 4100.8 1.306

1/4 152083.2 155.9 3.2 1428.1 0.279

1/8 99697.9 49.5 1.8 449.6 0.083

2048 1/2 500175.7 821.2 6.7 7361.1 8.334

1/4 303629.9 316.2 3.4 2670.2 1.689

1/8 199779.0 82.4 2.0 628.1 0.324

4096 1/2 1003363.9 1407.4 6.2 12375.6 56.343

1/4 610181.6 467.2 3.2 3740.4 8.146

1/8 398089.8 181.1 1.7 1308.7 1.992

8192 1/2 2007457.8 2270.9 6.6 20148.0 444.922

1/4 1221637.3 685.4 2.3 5294.0 45.467

1/8 798697.7 259.4 1.6 1579.8 7.792

16384 1/2 4006383.7 2933.1 5.6 25640.2 3130.824

1/4 2445181.6 1018.0 1.7 7728.6 337.385

1/8 1598601.3 434.7 1.5 2399.4 40.899

32768 1/2 8020818.2 3640.1 4.7 31579.0 18134.677

1/4 4881680.3 1223.9 1.8 8325.3 2045.644

1/8 3200604.0 611.9 1.5 2553.9 225.649
3.n,s00000,A0 1/2,1/4,1/8 0000 4. n, ADODODODOO, sO 24800000,
0,2*,0000,¢KP, 0000 00000 z*0000,fKPO0D0000O0O00DOO0,

0oooo t0000 0000000000
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Fig. 4.3 Optimal objective value z*.
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05.1(a) 000000 (000, s=2)

Table 5.1 (a) The result of experiments (WEAK, s = 2).

n A 000 4000 gKSP fKP  CPU(sec)
512 1/2 1275194 238.4 33  565.2 0.550
1/4  105164.2 4.4 1.0 18.4 0.012

1/8 87180.9 3.3 1.0 16.5 0.018

1024 1/2  254911.4 4223 2.7 1032.9 2.771
1/4 2117018 4.1 1.0 16.9 0.032

1/8  175337.4 3.4 1.0 15.0 0.030

2048 1/2 5110511 601.5 34 14257 9.665
1/4  424127.6 3.7 1.0 14.9 0.065

1/8 3527254 3.4 1.0 15.6 0.074
1096 1/2  1022660.1 769.2 2.8 13430 32.135
1/4  846463.8 3.6 1.1 13.9 0.172

1/8  704942.3 3.1 1.0 13.4 0.133

8192 1/2 2045190.8  1041.2 2.9 1502.0 171.262
1/4  1690568.5 3.5 1.1 14.3 0.600

1/8  1408351.9 3.4 1.3 15.1 0.465
16384 1/2 4090299.4 13642 36 17319 969.199
1/4  3382300.0 3.8 1.3 13.0 3.006

1/8  2813502.7 3.4 1.6 12.6 1.647
32768 1/2 81816355  1762.6 6.3 1957.0  4853.373
1/4  6762091.4 4.3 1.6 12.9 15.181

1/8  5629033.8 3.8 15 10.3 5.738

05.1(b) 000000 (000, s=4)

Table 5.1 (b) The result of experiments (WEAK, s = 4).

n A 000 $000 fKSP fKP  CPU(sec)
512 1/2 126892.1 101.6 3.4 484.6 0.225
1/4 90496.8 3.9 1.0 32.0 0.010

1/8 62224.7 3.3 1.0 29.3 0.012

1024 1/2 253609.3 199.3 3.5 950.0 1.272
1/4 183184.0 3.7 1.0 29.2 0.022

1/8 125590.6 3.5 1.0 29.6 0.030

2048 1/2 508314.7 306.2 3.2 1421.2 4.629
1/4 366548.6 3.5 1.0 27.5 0.063

1/8 253698.6 3.3 1.0 26.7 0.070

4096 1/2  1017781.5 406.2 4.0 1793.8 17.440
1/4 730029.7 3.6 1.0 25.1 0.164

1/8 506959.7 3.3 1.0 24.7 0.140

8192 1/2 2035157.5 567.9 4.2 2328.1 98.996
1/4  1456232.2 3.5 1.0 23.1 0.464

1/8 1010978.5 3.2 1.0 22.0 0.284

16384 1/2  4070231.1 722.2 3.8 25429 554.726
1/4  2914961.1 3.3 1.1 20.3 1.833

1/8  2017694.9 3.2 1.2 21.0 0.848

32768 1/2  8141805.1 914.3 3.2 21153 2706.472
1/4  5826061.8 3.7 1.3 19.7 9.442

1/8  4038326.1 3.3 1.1 16.8 3.324
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05.1(c) 000000 (0OO, s=8)
Table 5.1 (c) The result of experiments (WEAK, s = 8).

n X 000 4000 gKSP fKP  CPU(sec)
512 1/2  126847.0 8.4 1.0 9.6 0.016
1/4 83150.0 4.6 1.0 69.1 0.011

1/8 49745.1 3.6 1.0 59.0 0.012

1024 1/2  253418.2 68.3 1.9 452.3 0.410
1/4  168917.5 4.2 1.0 57.4 0.024

1/8  100704.8 3.6 1.0 56.8 0.028

2048 1/2 5078458 210.8 11 18126 3.110
1/4  337759.4 3.8 1.0 55.6 0.059

1/8 2041818 3.7 1.0 54.5 0.067

1096 1/2 1016903.4 287.0 13 24516 11.421
1/4  671807.3 3.7 1.0 46.9 0.146

1/8  407966.9 3.3 1.0 44.9 0.125

8192 1/2 2033541.4 380.1 1.6 3084.4 65.622
1/4  1339059.3 3.7 1.0 44.7 0.458

1/8  812289.1 3.4 1.0 42.4 0.271
16384 1/2 40670295 533.5 18 41914 397.001
1/4  2681285.0 3.7 1.0 140.2 1.909

1/8  1619794.0 3.2 1.0 38.5 0.688
32768 1/2 8135309.6 615.8 4.9 41304  1784.810
1/4  5358043.8 3.3 1.0 34.3 6.643

1/8  3242973.2 3.2 1.1 32.7 2.268

052000000 (00D)
Table 5.2 The result of experiments (STRONG).

n_ s A 000 #0000 KSP FKP CPU(sec)
256 1/4 52026.7 9.2 1.0  20.9 0.454
1/8 42683.6 5.7 1.0 18.8 13.124
4 1/4 44870.9 7.7 1.0 36.3 0.037
1/8 30477.1 4.8 1.0 31.6 0.443
8 1/4 41298.8 6.8 1.0 61.0 0.012
1/8 24381.8 4.6 1.0 58.3 0.011
512 2 1/4 104073.9 15.2 1.0 283 169.739
1/8 85804.4 9.6 1.0 21.3 3905.249
4 1/4 89928.3 10.1 1.0 33.8 0.777
1/8 61772.7 6.4 1.0 30.2 51.819
8 1/4 82856.6 8.0 1.0 59.1 0.104
1/8 49753.6 5.9 1.0 58.0 0.393
1024 8 1/4 166363.1 13.5 1.0 64.7 3.275
1/8 99783.3 8.3 1.0 55.6 42.066
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Abstract

We are concerned with a variation of the knapsack problem as well as of the knapsack sharing
problem, where we are given a set of n items and a knapsack of a fixed capacity. As usual, each
item is associated with its profit and weight, and the problem is to determine the subset of items
to be packed into the knapsack. However, in the problem there are s players and the items are
classified into s 4+ 1 disjoint groups, N; (¢ = 0,1,---,s). The player k is concerned only with the
items in Ny U Ny, where Ny is the set of common items. We formulate the generalized knapsack
sharing problem as the one to maximize the minimum of the profits over all the players. An
algorithm is developed to solve this problem to optimality, and through a series of computational
experiments, we evaluate the performance of the developed algorithm.

Key words : knapsack problem, knapsack sharing, combinational optimization, exact algorithm.
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