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Algorithms to List up All the Discontinuity Points of a Knapsack Function
(Dedicated to Prof. K. MATSUI and Prof. E. KASHIWAGI)

By Masako FUJIMOTO™ and Takeo YAMADA™"

0 0O: The knapsack function z(c) is the optimal objective value of a knapsack problem as a
function of the capacity c. It is known that z(c) is a non-decreasing, right-continuous step function.
In this paper we present two algorithms to list up all the discontinuity points of z(c¢) included in a fixed

interval [co,c1]. We implement these algorithms in C language, and through numerical experiments
compare these against the Nemhauser-Ullman algorithm. We find that one of our algorithms is

superior to the existing method for the case with large ¢o and relatively small ¢; — ¢o.
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Table 5.1 The uncorrelated case (UNCOR).

NUO gobooo oo
n fDC

¢DC(Total) CPU fKP  CPU ¢KP CPU
800 283.6 55152.6 2.60 292.0 1.28 1843.7 6.01
1000 332.9 85292.4 5.08 346.6 2.27 2364.9 12.20
1200 402.5 116971.6 8.71 412.9 3.62 2977.8 20.40
1400 401.8 154480.1 14.06 413.5 4.63 3313.5 30.48
1600 489.6 198854.7 22.08 500.8 7.24 3982.7 46.53
1800 552.7 246995.1 31.98 565.8 10.29 4569.3 68.62
2000 586.6 298255.0 44.19 600.6 12.93 5135.2 89.73
4000 1000.1 1048121.6 338.98 1058.9 83.40 11086.5 794.04
6000 1446.6 2174917.4  1049.52 1547.6 286.31 18154.0 3282.50
8000 1949.4 3596284.4  2330.95 2109.2 724.23 24871.1 7388.12
10000  2208.5 5264102.4 4368.92 2466.6 1320.84 31843.7 12248.63
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Fig. 5.2 Number of discontinuity points (UNCOR).

-6 —

| ]



oooooooooooooooooooooooono

0 5.2000 50000 000 (UNCOR)
Table 5.2 The UNCOR case with ¢; — ¢o = 50000.

. iDC NU D 0oooo ooo
$DC(Total) CPU fKP  CPU fKP  CPU

800  1437.9 56306.9 2.65 1466.0 6.49 2463.3 8.25
1000 1734.3 86693.8 5.14 1775.6  11.76 31773 16.67
1200 1950.0 118519.1 8.75 1993.7  18.06 40485  28.26
1400  2056.7 156135.0  14.07 2099.2  23.66 45231 42,94
1600  2314.3 200679.4  22.26 2369.1  34.75 5476.8  65.72
1800  2617.1 249059.5  32.05 2680.2  48.10 6353.6  97.23
2000  2918.7 300587.1  44.36 2096.3  65.81 7163.3  130.07
4000  4945.1  1052066.6  340.20 5190.7  400.08 16002.5 1144.30
6000  7314.1  2180784.9  1050.55 7841.8  1477.06 18154.0  6172.29
8000 98129  3604147.9 2353.84 10681.2  3597.13 24871.1  8599.87
10000 11072.3  5272966.2  4626.43 12345.6  6644.28 — —
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Table 5.3 The UNCOR case with c¢og = 4000n.

n DG NU O ooooo ooo
#DC(Total) CPU fKP  CPU KD CPU

800  82.0 84194.5 3.60 854 048 520.3 2.83
1000 102.3 128970.6 6.90 1047 0.92 728.8 6.28
1200 1159 1775143 11.93 119.8 150 907.4 10.94
1400 118.0 235776.9  19.46 1220  2.08 990.8 16.28
1600 142.1 303026.5  30.05 1455  3.14 1158.7 24.14
1800 155.6 378624.8  43.78 165.1 448 1414.1 36.44
2000 192.6 4567642  59.85 2000  6.55 1634.4 52.11
4000 338.0  1609665.7  440.73 363.3  55.96 37583  603.29
6000 466.2  3340094.9 1476.66 507.2  203.44 4396.9  3034.04
8000  553.7 — — 622.6 452.23 5795.9  5040.60
10000  681.4 — — 783.3  898.90 76762 10447.10
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0 5.4000000 (WEAK)
Table 5.4 The weakly correlated case (WEAK).

iDC NU DO 00000
n
fDC(Total) CPU tKP CPU
800 5524.1 763794.7  52.95 6564.2  296.89
1000  6054.9 1065322.3  93.83 7216.3  394.88
1200 6495.2 1383971.6  147.27 7738.9  489.21
1400 6840.4 1718903.6  214.86 8130.2  603.81
1600  7000.9 2074621.4  297.09 8342.3  682.88
1800 7213.5 2431322.5  366.90 8573.2  812.39
2000 7523.9 2799056.9  475.08 8865.3  931.73
4000 8869.3 — — 9699.1 1625.81
6000 9245.4 — — 9866.8  2779.90
8000 9527.7 — — 9909.7  4275.69
10000 9649.6 — — 9942.4  6103.97
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Fig. 5.7 Correlation vs. #DCs. Fig. 5.9 Knapsack function (UNCOR).
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Fig. 5.8 Correlation vs. CPU time. Fig. 5.10 Knapsack function (WEAK).
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Abstract

The knapsack function z(c) is the optimal objective value of a knapsack problem as a function
of the capacity c. It is known that z(c) is a non-decreasing, right-continuous step function. In
this paper we present two algorithms to list up all the discontinuity points of z(c) included in
a fixed interval [co,c1]. We implement these algorithms in C language, and through numerical
experiments compare these against the Nemhauser-Ullman algorithm. We find that one of our
algorithms is superior to the existing method for the case with large ¢y and relatively small ¢; —¢g.
Key words : knapsack problem, knapsack function, combinational optimization.
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