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Heuristic and Exact Algorithms for the Knapsack Problem with Side Constraints
By SENISUKA AMINTO*, YOU BYUNGJUN* and YAMADA TAKEO **

0 0: In this paper we are concerned with some variants of the knapsack problem (KP). As in
ordinary KPs, each item is associated with profit and weight, we have a knapsack of a fixed capacity,
and the problem is to determine an optimal set of items to be packed into the knapsack. However,
we are required to satisfy some side constraints as well. Such a problem includes the disjunctively
constrained knapsack problem (DCKP), and the precedence constraind knapsack problem (PCKP)
among others. We present an approach that combines the Lagrangean relaxation and the pegging test
to solve these problems to optimality. Through this method, we are able to solve DCKPs as well as

PCKPs with thousands of items within a reasonable computing time.
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Fig. 3.1 Pegging test.
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Table 5.1 Upper and lower bounds (UNCOR).

Lagrange UB Greedy LB 2-opt LB

d n m ZL CPU sec. gap CPU sec. gap CPU sec.
0.1 1000 48.9 398721.9 0.12 30.4 0.00 28.5 0.12
2000 96.9 802688.5 0.38 21.3 0.01 18.9 1.07

4000 199.5 1601207.5 0.92 42.8 0.02 40.9 8.66

8000 403.8  3196945.2 2.74 8.5 0.08 7.3 71.15

16000 802.6  6394867.3 8.05 90.8 0.52 90.5 544.64

0.2 1000 99.0 394132.6 0.19 55.4 0.01 49.7 0.13
2000 197.0 794909.3 0.50 24.6 0.01 22.5 1.22

4000 394.3  1584789.9 1.49 45.1 0.02 43.1 8.71

8000 805.0 3162459.6 4.03 34.3 0.08 32.8 0 71.94

16000 1598.4  6328402.4 11.28 25.9 0.53 24.8 754.01

0.4 1000 198.9 386437.4 0.32 84.7 0.00 82.9 0.13
2000 396.5 778653.3 0.83 86.0 0.01 83.3 1.27

4000 792.1  1553682.9 2.19 85.5 0.02 84.3 7.69

8000 1605.6  3097011.0 9.82 258.2 0.09 238.2 76.49

16000 3215.3 6199034.2 30.62 430.4 0.54 429.4 798.64

0.8 1000 396.9 370545.3 0.63 521.6 0.00 509.8 0.14
2000 798.6 747467.6 1.97 793.5 0.01 769.9 1.26

4000 1600.0  1492060.0 5.68 1610.6 0.02 1609.6 6.89

8000 3221.8 2975262.2 21.10 3253.1 0.09 3252.2 61.41

16000 6411.0 5947688.4 53.90 6152.4 0.57 6151.2 794.78

0 5.20000000 (000)
Table 5.2 Upper and lower bounds (WEAK).
Lagrange UB Greedy LB 2-opt LB

d n m ZL CPU sec. gap CPU sec. gap CPU sec.
0.1 1000 48.9 329563.6 0.10 21.3 0.00 18.2 0.94
2000 96.9 660578.6 0.25 18.0 0.02 15.5 8.70

4000 199.5  1320306.8 0.74 15.6 0.02 11.1 55.85

8000 403.8  2640457.7 1.98 14.4 0.08 12.2 462.42

16000 802.6  5280144.6 4.80 8.8 0.53 6.2  20330.01

0.2 1000 99.0 328703.7 0.16 42.0 0.00 28.0 0.89
2000 197.0 659140.0 0.37 28.2 0.01 24.4 10.70

4000 394.3 1316941.0 1.09 30.6 0.02 29.3 49.91

8000 805.0  2633633.5 2.85 29.7 0.08 27.1 440.63

16000 1598.4  5266806.6 9.86 85.3 0.53 83.2 17081.67
0.4 1000 198.9 327089.9 0.26 53.3 0.00 47.6 1.07
2000 396.5 655981.1 0.55 43.2 0.00 39.3 8.49

4000 792.1  1310745.1 1.83 30.6 0.02 28.3 48.80

8000 1605.6  2620504.0 5.99 88.5 0.09 85.6 417.87

16000 3215.3  5241053.9 15.14 106.5 0.55 105.0 14454.51
0.8 1000 396.9 323955.7 0.47 129.5 0.00 122.3 0.97
2000 798.6 649708.3 1.30 268.6 0.01 260.2 9.34

4000 1600.0 1298263.9 3.26 485.6 0.02 474.2 60.71

8000  3221.8 2595308.6 9.00 790.0 0.09 787.1 438.42

16000 6411.0 5190629.5 18.16 1744.5 0.57 1741.6 13848.40
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5.3 NUOPT OOOOOO

DCKPOOOOOO NUOPTOOODOOOOO
0000 bs.3,054000. NUOPTOOOOODO
O00oDooooODCKPOOO 0-100000000
00 ®ooo0oo0O00o0. 00000000000
00000000000 ‘4subprobs’0 0 CPU OO
(000)0D00OOOOD. ‘solved’0,1000000
goboooobooboo,0boobooooon
gooobooboobooobOobOo. boboooooo
goobO,00000b0ooooon.

0 5.3 NUOPTOOODOD (0OO)
Table 5.3 Direct solution using NUOPT

(UNCOR).

d n #subprobs CPU sec. solved
0.1 1000 2081.3 8.77 10
2000 1718.7 17.52 10

4000 3022.0 57.36 10

8000 2614.6 162.48 6

16000 4871.2 587.86 7

0.2 1000 2014.0 9.61 10
2000 2228.1 24.95 10

4000 3191.8 83.35 9

8000 4717.1 223.88 7

16000 3595.4 600.55 7

0.4 1000 1362.1 9.11 10
2000 2347.4 26.62 10

4000 2161.2 88.14 9

8000 1946.0 179.24 9

16000 2304.6 427.22 3

0.8 1000 1246.8 14.11 10
2000 3229.4 76.36 10

4000 1560.0 92.84 9

8000 1683.4 161.56 5

16000 - - 0

goobooo,oo0oooog.

e 000,000000000n=4000000
o0oooooooooon0, n=16000 00,
oboooooooooooo.

e n,d 00000000 ODOOUDODO,O0OO
goobooobobo,0bo0oobooogoon.

e JO00ODOO,00000O0OODOODOOO
goboooooooo,bbooooboo0.

0 5.4 NUOPTOOOOOO (0DDDO)
Table 5.4 Direct solution using NUOPT

(WEAK).

d n #subprobs  CPU sec. solved
0.1 1000 2956.5 8.94 10
2000 5451.7 36.73 10

4000 9697.4 95.32 10

8000 107476.2 1306.21 9

16000 2299.0 178.36 4

0.2 1000 2349.8 8.3 10
2000 5363.5 38.5 10

4000 9399.6 129.7 10

8000 36909.5 615.3 7

16000 68886.6 2427.4 3

0.4 1000 4258.2 20.0 9
2000 4178.1 53.3 10

4000 7334.1 142.8 9

8000 38197.4 693.6 7

16000 - - 0

0.8 1000 4056.2 31.15 10
2000 3115.7 62.01 10

4000 10094.1 254.23 7

8000 9849.8 360.49 5

16000 11699.0 1029.58 2

54 000000000000
0550056000000000000000.
000,»0m 0000000000,000000
0000000000. ‘reduction’ 0000000
oooooooooo.

00g =+/n'm'/nm

00 CPU; 00000000D0O0DOOO0OODOOO
ooooo,CPU, 000000 NUOPTOODOO
0ooooo,CPUr 000D0O0DODOO. ‘solved’
ooo01o0oooboooo0ooooooooooobo
oooooooooooooo.
0550056600,000000.

e d00UUUUD,00D0DOOOODODOOO
gooooooo.

e JO0I0ODO,00D000D0O0O0DODOODO
oooo.

e JJ0DOODDODODIODOODDO, NUOPT
goooooooooooooboooooooo
oooooo.

e JOUOOO,D0D00,00D0O000D0O0D0O.
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Table 5.5 Solution by pegging algorithm (UNCOR).

n n' m' reduction CPU,; CPU, CPUr solved
0.1 1000 66.0 2.7 0.05 0.11 0.33 0.45 10
2000 92.0 3.9 0.06 0.38 0.24 0.63 10
4000 326.5 13.9 0.14 0.93 2.60 3.53 10
8000 150.2 6.1 0.05 2.78 1.19 3.98 10
16000 2432.6 119.3 0.60 8.45 80.15 88.60 10
0.2 1000 115.6 8.5 0.10 0.18 0.49 0.67 10
2000 105.1 5.8 0.04 0.51 0.56 1.07 10
4000 385.3 31.0 0.09 1.53 4.11 5.64 10
8000 566.6 48.6 0.06 4.12 15.58 19.69 10
16000 885.6 66.8 0.05 11.79 18.19 29.98 10
0.4 1000 164.6 27.2 0.15 0 0.32 1.57 1.89 10
2000 302.5 91.7 0.16 O 0.85 5.48 6.34 10
4000 696.7 121.1 0.16 0 2.22 18.39 20.61 10
8000 3236.2 621.7 0.40 0O 9.93 59.51 69.45 10
16000 8935.4 1728.7 0.55 31.24  111.42 141.68 6
0.8 1000 647.9 242.9 0.63 0.63 8.38 9.01 10
2000 1596.9 625.8 0.79 1.97 63.71 65.67 10
4000 3899.8 1558.8 0.97 5.72 108.97 114.68 9
8000 8000.0 3221.8 1.00 20.98 160.98  182.08 5
16000 16000.0 6411.8 1.00 54.05 - - 0
0 5.6 00000000000 (DDDO)
Table 5.6 Solution by pegging algorithm (WEAK).
n n' m’ reduction CPU; CPU, CPUr solved
0.1 1000 211.4 7.8 0.18 0.11 1.59 1.70 10
2000 356.4 15.0 0.16 0.28 4.07 4.34 10
4000 627.1 23.1 0.13 0.77 18.59 19.36 10
8000 1162.8 48.3 0.13 2.06 196.04 198.10 10
16000 1434.8 52.5 0.08 5.47 9104.78 9110.25 10
0.2 1000 391.2 34.2 0.37 0.16 3.15 3.30 10
2000 537.8 45.6 0.25 0.39 6.97 7.36 10
4000 1104.0 98.6 0.26 1.15 26.81 27.88 10
8000 241.6 203.9 0.27 3.15 118.31 121.45 10
16000 8737.2 857.9 0.54 10.48 135.45 141.84 4
0.4 1000 394.5 68.7 0.43 0.26 6.40 7.21 9
2000 785.0 137.8 0.37 0.57 8.75 9.32 10
4000 1150.7 196.7 0.27 1.90 33.47 35.36 10
8000 5577.5 1101.3 0.69 6.17 185.03 191.11 7
16000 9308.5 1819.7 0.57 15.42  9101.17 9116.28 3
0.8 1000 789.5 308.1 0.78 0.48 23.61 24.09 10
2000 1925.1 765.9 0.96 1.32 57.21 58.52 10
4000 3998.8 1599.5 1.00 3.26 244.94 248.30 6
8000 8000.0  3221.8 1.00 9.16 357.69 366.86 5
16000 16000.0 6411.0 1.00 18.90  1029.21  1047.00 2
_ 8 _
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0 5.7000000000000 (0D0DDO)
Table 5.7 Solution by virtual pegging algorithm (UNCOR).

Virtual pegging NUOPT
d n m #rep. CPU sec. solved CPU sec.  solved
0.05 16000 408.5 1.0 10.62 10 688.67 7
32000 801.2 1.0 30.08 10 1122.33 4
64000 1582.8 1.0 1676.57 10 1760.51 2
0.1 16000 802.6 1.0 12.6 10 588.62 7
32000 1605.0 1.4 80.4 10 137.18 1
64000 3182.3 1.3 1355.3 9 1760.87 2
0 5.800000000000 (DDDO)
Table 5.8 Solution by virtual pegging algorithm (WEAK).
Virtual pegging NUOPT
d n m #rep. CPU sec. solved CPU sec.  solved
0.05 16000 408.5 1.0 907.68 10 1592.42 4
32000 801.2 1.0 2173.40 9 12162.56 1
64000 1582.8 1.0 2807.04 8 4257.82 1
0.1 16000 802.6 1.0 3187.75 10 178.46 3
32000  1605.0 1.0 2103.50 10 1368.96 3
64000 3182.3 1.0 3665.47 9 - 0
5.5 0O0O0O0ODOOOODOOOOOO gooo
0000000000, n= 16000064000 000 1) Dembo, R. S. and Hammer, P. L., “A re-
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Abstract

In this paper we are concerned with some variants of the knapsack problem (KP). As in
ordinary KPs, each item is associated with profit and weight, we have a knapsack of a fixed
capacity, and the problem is to determine an optimal set of items to be packed into the knapsack.
However, we are required to satisfy some side constraints as well. Such a problem includes the
disjunctively constrained knapsack problem (DCKP), and the precedence constraind knapsack
problem (PCKP) among others. We present an approach that combines the Lagrangean relaxation
and the pegging test to solve these problems to optimality. Through this method, we are able to
solve DCKPs as well as PCKPs with thousands of items within a reasonable computing time.

Key words : knapsack problem, combinational optimization, side constraints.
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