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Abstract

The mini-max spanning forest problem requires to find a spanning forest of an undirected graph that minimizes the
maximum of the costs of constitucnt trees. In a previous work we proved this problem NP-hard. In the current paper we
present three lower bounds for this problem and develop a branch-and-bound algorithm to solve the problem exactly. The
algorithm is implemented and numerical experiments are conducted on a series of test problems. The experiments compare
the performances of the proposed bounds and search strategies in the algorithm as well as investigate the effects of instance
characteristics on the behavior of the algorithm. Also, extension of the problem to the case of more than two root vertices
as well as to the problem of determining the root locations are discussed. © 1997 Elsevier Science B.V.
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1. Introduction

In a previous work | 9], we formulated the mini-max
spanning forest problem (MMSFP) in the following
way. Let G = (V F) be an undirecred graph | 2] where
V is the set of vertices and E C V x V is the set of
edges. Each edge e € E has an associated integer cost
w(e) > 0. We assume G is connecred and simple,
i.c., there exist neither self-loops nor multiple edges.
A tree is a connected acyclic subgraph of G, and more
generally, an acyclic subgraph of G is said to be a
forest. A forest consists of a set of mutually disjoint
trees. For a tree T, its cost w(T) is defined as the
sum of the costs of its constituent edges. A tree is a
spanning tree of G if it covers all the vertices of G,

! Corresponding author. Email: yamada@cs.nda.ac.jp.
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and a spanning forest is similarly defined. Given a set
of root vertices U := {u, W2, 1.} C V.aU-rooted
spanning forest F is a spanning forest of G consisting
of rdisjointtrees Ty, T. ..., T, such that i; is a vertex
of T; (i =1,2,...,r). The value of such a forest is
defined by

w(F) = Ing?sxr{w(ﬂ)}. (1)

MMSFP requires to find the U-rooted spanning forest
F* that minimizes w(F) over all U-rooted spanning
forests of G.

Such a problem arises when we plan to construct
a communication network to serve a set of stations
from more than one broadcast centers using unreli-
able communication lines [ 1]. The reliability of ev-
ery edge is assumed to be given as p(e),e € E. Each
station must be connected, directly or indirectly, o
cither one of the centers. A communication network
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Fig. 1. Subproblem P. Bold and doted lines stand for fixed
subtrees and forbidden edges, respectively.

in such a situation may be represented by a spanning
forest rooted at the set of the centers. For a spanning
forest F = (1. Ta,....T,), let P(T}) := Ht,e,-ip(e)
denote the reliability of the subsystem served by the
ith center. We wish all P(T;)’s be as large as possible.
while unbalanced forests with some of the P(T;)’s
extremely smaller than others are not preferable. A
reasonable way of achieving this objective is to maxi-
mize the minimum of {P(T;) | i=1,2,...,r}. Then,
putting w(e) := —Inp(e) we immediately obtain
MMSFP.

Alternatively, we may consider an election for r
seats in a country consisting of r cities and several
villages. Such a country can be represented as an
undirected graph, where vertices and cdges stand for
the communities and their adjacency relations respec-
tively. The problem is to divide the graph into r con-
nected subgraphs, cach of which representing a con-
stituency consisting of a city and some villages, such
that the total populations of the districts are as bal-
anced as possible. Althoughin this problem population
induces weights on vertices rather than on edges, this
can be easily transformed into the standard MMSFP.

MMSFP differs from other network location/alloca-
tion problems [4] such as determining the location
of fire stations and/or assigning arcas or streets 10
these stations by the form ol the objective function
(1). Indeed, in such problems the objective function
is usually the sum (or the maximum) of the distances

of each vertex to the assigned (lire) station, while
in MMSFEP it is defined in terms of the total costs of
trees. Except for the well studied minimum spanning
tree (MST) problem, which is the special case of
MMSFP with r = | and can be solved by the poly-
nomial time algorithms of Kruskal [5] or Prim [8].
problems with this type of objcctive functions have
rarcly been explored.

In [9], we proved NP-hardness [3] of MMSFP
with r > 2. In that paper we also developed a heuris-
tic algorithm to solve MMSFP. The purpose of this
paper is to supplement our previous work by present-
ing an exact algorithm to solve MMSFP. The algo-
rithm is based on the branch-and-bound method, and
we present three kinds of lower bounds for this pur-
pose. Computational results on various types of ran-
domly generated test problems are reported, compar-
ing the performances of the lower bounds and branch-
ing strategics. Also, we discuss extension of MMSFP
to the case of more than (wo root vertices as well as
to the problem of deciermining the root locations.

2. A framework for an exact algorithm

In the current paper we primurily consider MMSFP
with two root vertices U = {a, b}. Extension to the
case of three or morc root vertices is only briefly dis-
cussed. To solve MMSFP within the framework of
the branch-and-bound method, we define a subprob-
lem P of MMSEFP in terms of a triplet of the scts of
edges (Tpa. Tpp, Xp). Here Tp, and Tp, are mutually
disjoint sets of edges that constitutes subtrees rooted
at a and b respectively, and Xp is another set of edges
which is disjoint with Tp, U Tpy. The tree on side a
itself is denoted by Tp, if it is not confusing, and this
is referred to as the fixed subtree on side a. Similarly
Tpp is the fixed subtree on side b, and Xp is said 10
be the set of forbidden edges. A spanning forest F =
(T4, Tp) is said to be a solution to P, or shortly P-
admissible, if it includes Tp, UTpp, and does not include
Xp.ie., Fis P-admissible if Tp, € T,, Tpp, € T, and
(TpaUTp) N Xp = o

Example 1. In the graph of Fig. 1 with details
given in Table 1, two root vertices (¢ = ¢y, and
b = vy7) arc shown with squares. Bold lines stand
for the fixed subtrees Tpy = {e1,€q.€14} and Tp, =
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Table |
Data for the graph of Fig. |
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{es1. €39, €40, €42, €45}, while the dotted lines repre-
sent the forbidden edges Xp = {e13, €35, €41 }.

P is feasible if it has at least one P-admissible span-
ning forest. Otherwise, it is infeasible. Subproblem P
requires to find a P-admissible spanning forest F such
that w( F) is minimized. Clearly, the original MMSFP
is identical to the subproblem defined by (¢, &, ¢).
In subproblem P if (Tp,, Tpp) is a spanning forest, P
is a rerminal subproblem 1o which the forest is obvi-
ously the solution. Otherwisc, if E\ (Tp, UTp, U Xp)
is non-empty we pick up an edge e from this set such
that e is incident either to Tp, or Tpp, and define two
child problems of P in the following way. One child
problem P &{e} is obtained when we augment Tp, or
Tes by adding e to whichever subtree is incident to this
edge. For another child P & {e} we augment Xp by
adding e to this set. Clearly P is solved if both of the
children are solved. To construct a branch-and-bound
algorithm we need to develop lower bounding proce-
dures, which will be the topic of the next section.

Still, there remains a choice as 1o which edge we
pick up first from the sct of possible edges. Although
any qualified edge sulfices. the performance of the
resulting algorithm may heavily depend on this choice.
We try the strategy of taking the qualified edge of
minimum (or maximum) weight first. This is referred
to as the min-first (max-first) straicgy.

3. Lower bounds

Let Gg denote the graph obtained from G by iden-
tifying its root vertices @ and b. Then, every spanning
forest of G corresponds to a spanning tree in Gy in
an one-to-one way. For a subproblem P defined by
(Tpa.Tep, Xp), a tree in Gg is P-admissible if it in-
cludes all edges of Tp, U Ty, and does not include
any edge of Xp. It is easy to find the minimum P-
admissible spanning trec in Gy, provided that P is
feasible. A minor modification of Prim’s or Kruskal’s
method suffices for this purpose. Let T2 be this span-
ning tree. By Fp = (Tp,, Tp,) wedenote an optimal so-
lution to P, with the objective value w” (P) := w(F}p).
Then, the following inequality is straightforward.

w* (P) =max{w(7T;,), w(Tp)}
2 [{w(Tp) +w(Tp) }/2]
> [{w(TD)}/2).
Thus,
LB (P) := [{w(TP)}/2] (2)
gives a lower bound to w* (P).
Note that if the spanning forest Fp = (75, Th,)

corresponding to T3 attains the lower bound, i.e., if
w(Fg) =LB,(P), F?, is necessarily optimal to P.



96 T Yamuda et al./European Journal of Operational Research 101 (1997) 93-103

Fig. 2. Spanning forest Fg. Bold and dotted lines stand for fixed
subtrees and forbidden edges, respectively.

Example 2. For the subproblem P of Fig. |, the span-
ning forest Fp is as shown in Fig. 2. From this we
obtain LB(P) = [(1149 + 510)/2] = 830. while
w(F) = 1149

To improve the performance of the branch-and-
bound algorithm to be developed, we introduce two
more lower bounds for subproblem P. To this end,
let Gp, denote the auxiliary graph obtained from G
by removing all edges of Xp U Tpp as well as those
incident to Tpp. Similarly we define Gpy with respect
to b. Let Fp,(k) denote the set of all forests in Gp,
consisting of exactly & edges that altogether cover
Tp,. We introduce the cumulative cost function of the
minimum spanning tree in Gp, by

min{wo(l’) | F e Fp(k)}
it Fra(k) # &, (3)

e otherwise,

\1'[,),0( k) =

where w?( F) denotes the sum of the edge costs over
F. Note that this can be casily calculated for k =
1,2,...,]V] = | by applying Kruskal’s method. Also
we note that w%, (k) = oc for k < |Tp,), and therefore
who (k) > w(Tpy), k=1.2,...,|V|]-1. (4)

Similarly, we calculate wh, (k) fork=1,2,...,|V| -
1. Let

A= {(kakp) | ko +hp = V]| = 2,ka = 0,k > 0}

and define

LB>(P) := (k:.lz,i.;le_\lmax{w(,),a(ka)‘w(;,,,(k;,)}]. (5)
Then this gives another lower bound by the following.
Proposition 3. w () > LBsy(P).

Proof. For an optimal spanning forest F* =
(T7.-Tpy). let us denote k; = [Tpl. kp = |Tp1 We
note that (k;,4;) € A. From (3) we have

w(Tp) = wh (k) w(Th) 2w (k).

which implies

w (P) = max{w(Tp).w(Tz,)}
> max {wh, (k3), wh, (k;)}

> LBa(P). g

Let the right-hand side of (5) be minimized at
(kl.kL). and (F],F}) denotes the pair of solutions
obtained in the minimization of (3) for these values
of k. If Ft = (F], F,f) is a spanning forcst, we have
w(F') = LBy(P), implying that F! is necessarily op-
timal to P.

From (4) the following is also a lower bound.

LBx(P) :=max{w(Tp,), w(Tpp) }. (6)

Although LBj3 is always weaker than LBa, ie.,
LB3(P) < LB2(P). this may prove useful since it
can be obtained much casier than LB» or LBj.

Example 4. For the subproblem P of Fig. I,
the auxiliary graphs Gp, and Gp, are as shown
in Fig. 3. From this we calculate w9, (k,) and
wiy (kp), which are shown in Fig. 4 with kp =
V| = 2 — k4. From the figure we obtain LB5(P) =
max{wh,(8). w9, (10)} = max{608,723} = 723.
Also, LBa(P) = max{270, 385} = 385.

4. A branch-and-bound algorithm

We now construct an exact algorithm to solve
MMSFP. Although the algorithm is essentially a
straightforward application of the standard branch-
and-bound method to MMSFP. a few comments are
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(a)

(b)

Fig. 3. Auxiliary graphs: (a) Gp, and (b) Gpy.
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Fig. 4. Cumulative cost functions wp,(k.) and way(kp), where
ky = V] =2 = ka.

due on the details of the algorithm. Let P denote the
set of active subproblems, which is initially P = {The
subproblem (¢, ¢, &) }. At the beginning, we set the
incumbent solution as (w*, F*) = (o0, ¢), where
F* stands for the best spanning forest obtained so far
and w= = w(F*) is the value of that forest. We pick
up a subproblem P from P, and examine this in the
following way. By P, if it is not confusing, we also
mean the subgraph obtained from G by removing all
forbidden edges.

First, we check whether P is feasible. Duc to the
forbidden edges, P may not have any U-rooted span-

ning forest at all. This happens if, after identifying
two root vertices, the graph P has two or more con-
nected components. In this case, the subproblem is
simply terminated. Next, we examine whether P is a
terminal subproblem, in which casc the incumbent is
updated if nccessary and we terminate this subprob-
lem. Finally, if P is split in the sense that it consists of
exactly two connected components with one root ver-
tex cach. we readily obtain an optimal solution to this
subproblem by finding the minimum spanning trees
independently within each component. Again we up-
date the incumbent if necessary and terminate this sub-
problem.

If none of these cases applies, using the heuristic
method in our previous work [9] we calculate an ap-
proximate solution F(P) with corresponding upper
bound UB(P) = w(F(P)). We update the incum-
bent if necessary. Then we evaluate the lower bound
by LB(P) := max{LB,(P),LB,(P),LB3(P)}. If
LB(P) > w”, the subproblem is terminated. Other-
wise, if F attains LB, again we update the incum-
bent if necessary and terminate this subproblem. Al-
ternatively, if we obtain the spanning forest F7 that
attains LB», the subproblem is analogously treated. If
such a spanning forest is not obtained, we pick up an
cdge e € F as stated in Section 2 to produce two child
subproblems P & {e} and P © {e}. These arc added
to P, and we repeat the whole process all over again
until P is empty.
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Table 2
Branch-and-bound results for Pipag

exact
roots #forests LB UB

W #subprobs time
1. 20 1.543 x 10" 799 853 855 7595 104
2,19 1.632 x 10" 799 855 848 15627 21.1
3, 18 2.110 x 101! 799 855 848 17431 238
4,17 2.476 x 101! 799 853 848 17615 24.1
5, 16 1613 x 10! 799 855 848 17611 237
6, 15 1.242 x 101 799 835 848 16497 219
7. 14 1.238 x 101! 799 855 848 14441 18.6
8, 13 1.494 x 108 799 855 852 39267 525
9. 12 1.182 x 10" 807 852 848 7803 10.4
10, 11 1.123 x 10"t 807 852 852 7369 9.9
average 1.565 x 10! 800.6 854.2 849.3 16125.6 216

A few remarks are due at this point. Calculating an
approximate solution may be skipped at some or all
subproblems. From computational cfficicncy it might
be better to perform this procedure at every fixed num-
ber of subproblems. The performance of the resulting
algorithm depends on the accuracy of the approxima-
tion as well as ils computational easiness. In evaluat-
ing the lower bounds, we may calculate some or all
of LB; (i = 1,2,3). The more lower bounds we cal-
culate, the stronger bounds we obtain in the expense
ol longer computational time. Finally, in picking up a
subproblem from P, depth-first search is most popular
in the branch-and-bound framework. Our algorithm is
equipped with this and breadrh-first search strategy as
well.

5. Numerical experience

The algorithm of the previous section has been im-
plemented in C language and a series of test prob-
lems have been solved to optimality on DEC3000/400
workstation.

5.1. A numerical example

First we have solved MMSFP for the graph of Fig.
1, which is referred to as Pap 46 in the sequel, with dif-
ferent pairs of root vertices. We have used LB, +LB;
for the lower bound, the depth-first search for picking
up a subproblem from P, and the min-first strategy in

Fig. 5. Optimal spanning forest for Psyx27.

choosing the branching edge. Table 2 summarizes the
result of this computation, where LB and UB repre-
sent. respectively, the lower and upper bounds evalu-
ated for the initial subproblem (¢, ¢, @), w* the exact
value of the solution, and #subprob the number of sub-
problems generated in the branch-and-bound process.
These are shown for each pair of root vertices together
with the respective computation time in seconds.

The total numbers of spanning forests are also given
as a reference. This has been calculated using the
Kirchhoff’s matrix formula (see, e.g., {2]) to enu-
merate spanning trees. Fig. 5 illustrates an example of
an optimal solution for the graph Psgx 27 consisting of
50 vertices and 127 edges. In obtaining this solution,
the algorithm generated 16,467 subproblems in 66.96
seconds.
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Table 3
Min-first vs. max-first strategy on Pyap
min-first max-frst
roots
#subprobs time #subprobs time
1, 20 7595 10.4 26667 322
2. 19 15627 211 93151 116.0
3. 18 17431 239 45471 56.8
4, 17 17615 242 109559 140.1
5. 16 17611 237 96581 122.1
6. 15 16497 219 77957 979
7. 14 14441 18.6 92463 134
8. 13 39267 523 39733 51.5
9, 12 7803 10.4 6029 7.8
10, 11 7369 9.9 5155 6.5
average 16125.6 215 59276.6 744
Table 4
The eftects of lower bounds for Pig s
LB, LBy + LB: LB, +1.Bs
roots
#subprobs time #subprobs time #subprobs time
I, 20 104745 67.5 7395 10.4 15781 17
2,19 87427 58.2 13627 21.1 29127 20.6
3. 18 86943 58.5 17431 239 32393 232
4,17 90251 61.0 17615 242 32301 233
5. 16 79331 53.3 17611 237 30583 21.8
6. 15 70033 46.2 16497 219 29529 21.2
7, 14 48875 31 14441 18.6 26415 18.3
8. 13 478251 3237 39267 52,5 53758 409
9., 12 33687 224 7803 10.4 18257 12.7
10, 11 21521 14.1 7369 99 16941 1.8
average 110106.4 73.6 161256 21.6 285414 20.5

Table 3 compares the min-first strategy against the
max-first in choosing a branching edge. Either from
the numbers of subproblems gencrated and the CPU
time required in solving the problem, the min-first
strategy usually outperformed the max-first strategy.

A comparison is made in Table 4 using different sets
of lower bounds. Three cases tested are: (i) LB only,
(ii) LB, + I.By, and (iii) L.LB; + LBj3. Although the
CPU time is almost comparable for (ii) and (iii), in
the subsequent experiments we use LB + LB since
in that case we usually have the least number of sub-
problems.

5.2. Numerical experiments

Next, we have conducted a series of experiments
for the following sample problems:
(1) Planar graph P, .
(2) Complete graph K,,.
(3) Complete bipartite graph K, ,,.
Here n denotes the number of vertices and m is the
number of edges. The vertices of these graphs are
taken randomly on the plane of {0, 800] x [0, 600],
and their edge costs are the rounded cuclidean dis-
tances.
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Table 5 gives the result of experiments for this set of
problems. Here all entries of the table are the average
of ten runs for each problem with different pairs of
(randomly taken) root vertices.

As a variation of these test problems, we define
RP, e RK,, and RK, , by replacing the edge costs of
respective graphs with random numbers in [ 1, 1000].
Table 6 summarizes the result of experiments for this
class of subproblems. Comparing Tables 5 and 6, in-
stances with random edge costs appear to be much
casier to solve. This may be explained by the fact that
in cuclidean instances the edge costs are distributed in
much narrower interval than in the random instances.
For cxample, the standard deviation of the cdge costs
is 65.51 for Py 46, as opposed to 289.14 for RPag 6.
This results in the existence of much larger number
of near optimal solutions, making the bounding pro-
cedure less effective.

6. MMSFP with more than two root vertices

In this paper we have developed a branch-and-
bound algorithm to solve MMSFP with two root ver-
tices. Now we bricfly discuss its extension to the case
of three or more roots. This is rather straightforward,
except for the following. We are given the set of root
vertices U := {u,ua,...,1,}. A subproblem is P =
(Tp1.Tpa,....Tp., Xp), where Tp; is a subtrec rooted
atu; (i=1,2,...,r), and Xp is the set of forbidden
edges. These are mutually disjoint. First, we have

wi (P) 2 |{w(TH}/r]. (7)

where 79 is the minimum P-admissible spanning tree
on G, which is obtained from G by identifying all the
root vertices. Thus the right-hand side of the above
inequality gives LBy for this case.

Next, we define G as the auxiliary graph obtained
from G by removing all edges of Xp U (U;»:Tp;) as
well as those incident to (UjuiTp;) (i=1,2,...,7).
Let Fpi(k) denote the set of all forests in Gp; consist-
ing of exactly k edges that altogether cover Tp;, and
calculate

min{w?(F) | F € Fri(k)}
if Fra(ki) # ¢, (8)

o otherwise,

)
w(,,i(k,-) =

fori = 1,2,...,r. Then we have the sccond lower
bound

LBQ(P)t:(klilvlvivl’ eA[max{w(,JJl(kl), o (k)
(9

where

‘.\Z={(k|...‘.kr)|k1 + -+ k

=V|=r ki 20,....k >0}

We note that LB, can be calculated by the following
dynamic programming recursion. Let

e(4,b)
. 0 0
'p; k — Cr
.. ?'1;2A(j_b)[max{upj( i) wp (ko) }]
= ifb>0,
0 otherwise,

where
AL D) Z={(kj,....kr)’k_,'-i-'”-i-k,-:[),
ki >0,....k >0}
Then, we have
e - H . 0 (L (i ,
v(j, b) —02}121,[111‘1“\{“1”(/\,-),L(_/ +1,b-kj)}H.
j=hL2,....rnb=0,1....,[V|=-r. (10)

This can be solved backward beginning with the ter-
minal condition

v(r+1,0)=0, b=0,1,...,|V|-r
and we obtain

LBy (P) =v(l,

V| -r). (1)
As in Section 3, we also have the third lower bound

LB}(P) = max{w(Tm),..Hw(Tp,)}. (]2)

7. Root vertices location problem

In the previous sections. the root vertices have been
assumed 10 be given and fixed. However, in the com-
munication network planning we may have to deter-
mine the locations of the broadcast centers be fore
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Table 3
Resulis of experiments (euclidean distance)

exact

problem LB UB

W #subprobs time
Po.ax 561.3 685.0 670.9 2426 0.1
FPpse 800.6 854.4 849.5 16123.6 216
Py s 1238.1 1341.6 12959 1010057.2 2382.1
Paogs 1367.0 1478.1 1431.8 137071154 46071.4
Pso,127 1630.5 1684.8 1657.5 26519574 11434.6
Ko 597.0 7183 697.5 1583.6 1.7
Ko 973.1 1121.9 1070.2 590880.0 29149
Ko 1218.2 13184 1294.7 1619908.2 20398.5
Ky 15139 1623.6 1577.1 1008649.6 25041.8
Kss 1873.3 2095.1 1966.8 217.6 0.1
Kinao 32306 3464.4 33779 59967.0 163.4
Kisas 5368.5 5518.0 54487 1787684.8 11662.6
Koo 6397.2 63274 6478.9 2597846.4 30886.0
Table 6
Results of experiments (random distance)

exact

problem LB uB

w* #subprobs time
RPi.18 1679.8 22343 2186.8 386.4 0.2
RPx s6 2360.3 27408 2642.1 14902.0 204
RPp34 2978.0 34409 31934 113756.4 2583
RPuog 45472 4999.9 4903.1 4285303.8 13314.7
RPsg127 4970.6 54617 5167.6 250056.2 1119.5
RK10 483.5 618.0 5734 214.0 0.2
RKxy 406.0 496.0 453.9 5237.0 263
RK3p 485.6 3350 5121 5149.8 65.0
RKw 5356 583.6 5594 99697.0 2432.8
RKs5 596.0 734.1 720.7 44.6 0.0
RK10.10 836.9 9259 298.0 1195.0 3.1
RK\5.15 835.6 988.8 894.7 t01991.0 662.7
RKz0.20 1023.7 1129.8 1059.8 528078.8 6485.1

we solve MMSFP. In this section we extend MMSFP
to include the problem of determining the root loca-
tions in the following way. Lct ¢; denote the site cost
of a root placed at vertex { € V. In the communi-
cation network example, this may be regarded as the
unreliability of the broadcast center placed at this ver-
tex. Let us take U = (uy,12,...,u,) € V as a set of
root vertices. and consider a U-rooted spanning for-
est F=(Ty,7T-,...,T,). The total cost of the ith sub-
system is given by the site cost ¢,, plus the tree cost
w(T;). Analogous to MMSFP, we wish all these be as

small as possible. Therefore, we evaluate this forest by

w(U, F) = max {c,, +w(TD}- (13)

The problem is to find a set of root vertices U and a
spanning forest F rooted thereupon such that w(U. F)
is minimized. This problem is denoted as MMSFP/L.

To solve MMSFP/L, let us augment graph G by
adding a set of virtual roots S = {s1,52,...,5,} and a
sctof edges Es := Sx V. Let the cost of edge (s, j) €
Es be M +¢;, where M is a very large number (M =
oc). The resulting graph is denoted as G. Now we
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Fig. 6. Solution to MMSFP/L.

solve MMSFP with § as the set of root vertices, and
let F = (7,T,...,T,) denote an optimal solution.
Then we obtain the following.

Lemma 5. Each T; includes ar most one edge from
Es.

Proof. If some 7; includes more than one edge from
Es, we have w(F) > 2M. However, by connecting
the minimum spanning tree of G to s} through edge
(s7.1), we obtain a spanning forest of G with the
associated value M + ¢; + wysr < 2M, where wysr
denotes the cost of the minimum spanning tree on G.
This is a contradiction. [

If each T; includes exactly one edge (s;,u;) from Eg
(i =1,2,....r), we have a set of r distinct vertices
U® = (i1, ua,...,u,) C V. At the same time, by nat-
ural correspondence F induces a U*-rooted spanning
forest F*. Then, we obtain the following.

Propeosition 6. If each T; includes exactly one edge
from Eg (i=1,2,...,r), the above obtained U* and
F* is optimal to MMSFP/L.

Proof. Obvious. O

For the case of two roots (r = 2), we have a suf-
ficient condition for Proposition 6. Let a be such that
Ca = Miney ¢;. For i € V, wi denotes the cost of
the minimum spanning tree on G'¥. which is obtained

from G by removing vertex / and all incident edges.
Then, we have the following.

Proposition 7. For r = 2 if there exists a vertex b €
AN {a~} such that w%’_g.r < wyst and ¢cp — ¢4 < WatsT.
each T; includes exuctly one edge from Eg (i =1,2).

Proof. If only one of 7y and 75 includes an edge from
Es, clearly the minimum of such a forest is w(F) =
M + ¢4 + wysr. On the other hand, let 7) and 75 be
the minimum spanning trees that cover {5, } UV \ {b}
and {s», b} respectively. For this forest F = (T}, T3)
we have

w(F) =max{M +c, + “’fu?}r* M+e)< w(F).
This is a contradiction, which completes the proof. O

Example 8. For the graph of Example 1, if ¢; = i for
all { € V the assumption of Proposition 7 is satisfied
with @ = 1 and b = 17, where we have wyg = 1718
and wil). = 1620. Solving MMSFP on G we obtain
optimal root locations and the corresponding spanning
forest as shown in Fig. 6 with w* = max{] +348,8 +
834} = 848.

8. Conclusion

We have presented three lower bounds for MMSFP,
developed a branch-and-bound algorithm to this prob-
lem, and solved a scries of small test problems. To
solve larger sized problems, we certainly nced more
improved bounding procedures as well as more sophis-
ticated programming techniques. Another prospective
approach to the exact solution of MMSFP would be
the branch-and-cur method [ 7], which is based on the
mathematical analysis of the polyhedral structure of
the problem.

Nevertheless, we can casily expect practical appli-
cations whose sizes are far beyond the reach of such an
exact algorithm. Especially, this applies to problems
with more than two roots and/or root-vertices loca-
tion problems. To such problems the so-called mera-
heuristic algorithms [6] such as simulated annealing,
tabu scarch or genetic algorithms might prove useful
in obtaining satisfactory solutions within reasonable
CPU time. These are Icft for future study.
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