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Abstract

The knapsack sharing problem (KSP) is formulated as ar extension to the ordinary knapsack problem. The KSP is
AN P-hard. We present a branch-and-bound algorithm and a binary search algorithm to solve this problem to optimality.
These algorithms are implemented and computational experiments are carricd out to analyse the behavior of the developed
algorithms. As a result, we find that the binary search algorithm solves KSPs with up to 20000 variables in less than a
minute in our computing environment. € 1998 Elsevier Science B.V.
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1. Introduction

The knapsack problem (KP) is fundamental in
combinatorial optimization and the literature abounds
on this and related subjects (see [12] for a compre-
hensive list of references). In the current paper we
discuss the following variation of the problem. We are
given a set of items N := {1,2,...,n} with weight
w; and value p; associated with each item j € N.
Every item belongs to one and only one of r disjoint

classes Ny, N3, ..., N,, where
UMe=N NoN=0. k# 1. (1)
k=1

Also given is a knapsack of capacity €. As in the
ordinary (0-1) KP, we wish to determine a set of items
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to be included in the knapsack. Thus, we introduce a
vector v = (x;) of the following meaning: x; = 1 if
item j is selected, and x; = 0 otherwise.

Our purpose is to maximize the minimum of
{p*(x) | k = 1,....r} under the ordinary capacity
constraint, where

pr(x) = Z Pixj (2)

JEN

represents the total value of the k-th class items in the
knapsack. Thercfore, mathematically the knapsack
sharing problem (KSP) is formulated as follows.

(KSP)

Maximize min {Z \}
1<her Pi¥j

JEN:
D owx €6
JEN
x e {01},

subject to

jEN.
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Here, without much loss of generality we assume the
following.

Ap: ¢ and pj, w; (j € N) are all positive integers.

KSP is A"P-hard, since for r = 1 the problem reduces
to KP which is already .\ P-hard [ 12].

Such a problem arises in the following situation.
Supposc a city authority is going (o distribute the bud-
get of ¢ over n possible projects involving r districts
of the city. Each project is related to one and only one
district, and w; and p; represent, respectively, the cost
and benefit of the j-th project. Here, Ny is the set of
projects related to the k-th district, and (2) gives the
total benefit to this district. The city wishes 10 decide
the sct of projects to be accepted so as 1o satisfy all
districts as much as possible. A reasonable solution in
such a situation is to maximize the minimum benetit
of all the districts; hence we have KSP.

To clarify the relation of this problem (o earlier
works we introduce the notation KSP(an/r/m),
where « is either one of C (meaning continuous),
I (integer) or B (binary). This means that there
arc n variables of type « divided in r classes, with
m constraints. Qur problem is KSP(Bn/r/1) in this
notation. The special case of r = n is well studied:
Jacobsen [7] formulated KSP(/n/nf1) with a non-
lincar objective function. Porteus and Yormark [ 14]
gave a binary search algorithm to solve the same
problem. Such a problem (with a linear or non-
linear objective function) is also referred 1o as the
max-min or bottleneck allocation problem. See [8],
(16], (15], [10] and [11] for this type of problem.
Brown [2,3] first called these ‘knapsack sharing’
problems. We use the same terminology in a broader
sensc of r # n. Except for Kuno et al. [9] which
dealt with KSP(Cn/r/1), this case appears to have
been rarely explored.

KSP can be solved by dynamic programming in
the following way. Supposc that xy, x2,...,X;-) have
been (somchow) determined and we arc now in the
position to decide x; (1 € j € n). Let ¢ be the re-
maining knapsack capacity and p* be the total valuc of
the class & items accumulated in the knapsack. We say
thal we are in state (c,p'.....p") at stage j. Then,
denoting by :}—‘(c.p‘... ., p") the optimal objective
value to go from this state and applying the princi-
ple of optimality [ 1] we obtain a recurrence relation

=

with respect 0 27 (x, ...
O(nélp|"y steps, where

.-). This can be solved in

_ .k

p= min p'. (3)

with

/3*:=Zp,, j=12....n 4)
JEN

This approach requires O(né|5|") words of computer
memory, which amounts to 100 x 10® words even for
a small instance with n =20, r = 2, & = 500, 5 = 100.
Thus, by the dynamic programming algorithm we can
solve only very small instances.

In the current paper. we present an upper bound and
a lower bound to KSP, and based on these develop a
branch-and-bound algorithm and a binary search al-
gorithm to solve the problem to optimality. The al-
gorithms are implemented and computational experi-
ments are carried out to analyse the behavior of the
developed algorithms. As a result, we find that the bi-
nary search algorithm solves KSPs with up to 20000
variables in less than a minute in our computing envi-
ronment.

2. Branch-and-bound method

The standard branch-and-bound procedure can be
tailored to solve KSP.

2.1. Subproblems

First, corresponding to an arbitrary partition Q =
(G0, Q1,Qx) of N we introduce a subproblem of
KSP by fixing the variables in Q¢ (Q1. resp.) at 0
(1). Thus we have

(Subproblem Q)
Maximize lg};gr{ ; pjxj}

E Wj.\"j é ¢,

subject to

JEN

5 €{0,1}, jeoy
.l'j = 0, j € QO,
=1, je€ Q.
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Q is said to be a terminal subproblem if Qy = §.
Or. Q is infeasible if }_;c, pj > ¢. If either one
of these happens, Q is terminated. Subproblem Q is
also terminated if it has been proved unpromising by
upper bounds. We discuss such an upper bound in the
following subsection. If nonc of these occurs, for an
arbitrary item j € Qx we can construct two children
of @ by removing j from Qy and adding it to cither
one of Qg or Q.

An appropriate choice of such an item j, or the

branching strategy, greatly affects the efficiency of

the resulting branch-and-bound algorithm. Here we
mention the following two strategics.

1. Sequential branching: variables are picked up
sequentially from xy, xs through x,,.

2. Min-first branching: from the class of the least
total accumulated value in the knapsack we pick up
the first unfixed variable.

After some preliminary numerical tests, we found
the sequential strategy superior to the min-first both in
CPU ume and the number of subproblems generated
in the process ol computation.

2.2. An upper bound

Subproblem @ can be transformed into the stan-
dard KSP form as follows. First, we delete from the
subproblem all fixed items in Qg U @, and add 1o each
class k an item of weight 0 and value Z;eNmQ. P
provided Ny 1 Q; # 0. The knapsack capacity is
mf)dl!l&.d to ¢ — .Z]’EQI Wi, No;e that 5uhpr0hlcn'1s in
this form may include some items of zero weight.
Therefore, in what follows we replace assumption Ag
with the following.

Aj: ¢ and p; (j € N) are positive integers, and
w; (j € N) are non-negative integers.

Then, to obtain upper and lower bounds for sub-
problems it suffices to discuss those tor KSP. Before
doing so. we define the efficiency of an item as the
value of that item per unit weight. Thus for item j this
is ¢j 1= p;/w;. Without loss of generality, we further
introduce the following assumptions.

<l =n
= {nor+ Loy + 2,000,040 k =

Ayt There exist integers 0 =19 < 1} < - --
such that Ny

Az: Within each class, items are numbered in non-
increasing order of efficiency; ie. i,j € Ny, i < §
implies e; > e;.

For simplicity we adopt the following abbreviation:
Wij 1= Wit Pij = Pr_y e (5)

Now, to obtain an upper bound to KSP we soive
the following continuous relaxation of KSP.

(C(KSP))
Maximize lxsnklgr{ Z Pj 1,}
JE N,
subject to Z wix; € ¢,
JEN
01, jeN

We introduce an auxiliary problem to solve C(KSP)
through decomposition.

(Auxg(c*))
Maximize Z pjx,
JEN:
subject to Z wix, < ¢,
JENY
0<.\'j<], jeNk.

Nole that this is the continuous KP, which is casy to
solve [12]. Let £¥(c*) denote the optimal objective
value to Auxg(c*), and define

J J

& :

Wy = Z Wiis = Z Phiis (6)
i=l izl

for j=1,...,|Nt|, as the cumulative weight (profit)

of the k-th class items, where by (4) we have p‘f\..‘ =
% Then, Z5(-) is given as the piece-wise linear func-
uon obtained by connectmo lhe pomls {(u pj) | j=
0,1, From assump-
tions Al dnd A;. s Loncave dl‘ld monotonically
increasing with Z%(0) = 0. The inverse of this func-
tion, denoled as &€ (), is defined over (0, % ]. We note
p<prfork=12,....r

In solving C(KSP) we firs| assumc L,\ = &(p) €
€. Then, solving Aux;(c*) with ¢* := &(p) for k =
1.2,...,r, we immediately obtain an optimal solution
1o C(KSP) with the corresponding objective value p.
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Fig. 1. Graphical representation of C(KSP).

Next, we consider the following casc:
r - = -
At d i &(p) > ¢

We note that C(KSP) is equivalent to the following.

(C(KSP))
Maximize lmm { k(e )}
subject to Z o

1€kgr
1 k

¢, ...,c 20.
Under the assumptions A;~As, the following gives
the first order neccssary condition for &, e2,....8")
to be an optimal solution to C(KSP) with the corre-
sponding objective value Z (see Fig. 1):

:'(E) I, k=1,....1,
(7)

Clearly, £ gives an upper bound to KSP. Kuno
et al. [9] gave a linear time algorithm to find
(&', &%, ....¢") as well as Z. With these, the solution
10 Aux;(&¥) is given by

1 if j <y,

X = (é* —w 0wy 0 =g, (8)
0 if j > U,

where

1y := min{j ij i} (9

2.3. A lower bound

Using the above obtained wy, 11, . ..
a feasible solution to KSP by

, i, we define

if j < ug,

1
ey = {0, otherwise, K= lveT (10)

This is referred to as the trivial solution to KSP. Start-
ing with this we can further improve the solution by
successively filling that part of the knapsack which
is left vacant in the following way: at each step we
comparc the total value of the items of each class in
the knapsack, and from the class of smallest value we
adopt the feasible item of highest efficiency into the
knapsack. We repeat this until no further improvement
is possible this way. The solution resulting from this
algorithm is referred to as the greedy solution, and the
corresponding objective value is denoted as z. This
gives a lower bound to KSP. The computational com-
plexity of this part is O(n).

3. Binary search method

Let z* be the optimal objective value to KSP. For an
arbitrary integer 2 > 0, we have 2* 2 z if and only if

pr‘,} k=1,....n

JEM

ij.rjgc". (1)
JEN

x;€{0.1}. jEN,

is feasible. Thus, we say that  is arrainable it (11) is
feasible, and unartainable otherwise. Let us introduce
the inverse knapsack problem (IKP) as follows.

(IKPr(2))

Minimize Z WX
JEN,

subject to Z piXj 2
JEN:

X [ {(). 1}, _] € N;;.

With ¢*%(z) denoting the optimal objective value to
1KP,( ). attainability of z is cquivalent to

Z("k(;)gf. (12)
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Note that by a simple change of variables from x;
oy, = 1—x; (j € N), IKPi(2) is transformed
into a standard 0-1 KP. Let ¢*(z) and & (z) be, re-
spectively, a lower and an upper bounds to IKP:(2).
These can be obtained as the upper and lower bounds
of the previous section with r = I. Alternatively, sev-
cral methods of evaluating these bounds can be found
in some textbooks on combinatorial optimization (see,
e.g.. [13]). Then from (12), without calculating the
exact ¢"¥(z) we can judge z attainable if

> <e, (13)
k=1

and unattainable if

r

Sy >e (14)

k=]

If neither of these holds, we need to have ¢'f(z)
which is certainly time consuming. However, since
algorithms for the (0-1 KP arc well explored and ef-
ficient codes are available in the literature (such as
Horowitz—Sahni [6] or Martello-Toth [ 12]), this can
be obtained in reasonable CPU time for considerably
large-sized problems.

In the following binary scarch algorithm, {z,. 2z}
is a pair of attainable and unattainable values, which
is wnitially set 1o {z,7} as defined in the previous
section. Here we note that z is attainable and £ can
be assumed unattainable, since otherwise the problem
is obviously solved by z~ = Z. Al each iteration, the
midpoint is checked for attainability and the interval
is halved accordingly. The algorithm is terminated as
soon as zg — 2 = 1 is reached, where 77 := g, gives
the optimal objective value. Thus we have:

procedure Binary-Search;
input z, Z;

output z*;

begin
=2 zp =T {Initialization}
repeat

2= [z + ) /2]
if Z;-:l Qk(l) > ¢ then IR =13
else if 3°7_, & (z) < ¢ then 7 = ;
else

begin

if Z£~=| C*k(:) > ¢ then IR =1
else L=
end;
until zpg — 21 = 1;

< = L

end.

4. Numerical experiments

We have implemented the branch-and-bound and
binary search algorithms of the previous scctions in
C language and conducted a scries of computational
experiments on a DECsystem 300/400 workstation.
This section describes the results of the experiments.

4.1. Test problems

First, we consider the case of two classes with 1y =
ny = 1n items cach. Weights and values of items are
randomly distributed according to:

e Uncorrelated case:

wj: uniformly random in [1, 1000],

p;: uniformly random in [ 1, 1000].

o Weakly correlated case:

w;: uniformly random in [ 1, 1000],

p;: uniformly random in [w;, w; 4 200].

o Strongly correlated case:

w;: uniformly random in [ 1, 1000},

pj=w; + 100.

Cases of more than two classes will be briefly men-
tioned in the following subsection.

4.2. Results of experiments

Tables 1(a)-(c¢) summarize the results of com-
putation. where CPU times are compared between
the branch-and-bound (B&B) and binary scarch (Bi-
nary) algorithms. Corresponding to n from 200 up to
80000, each row gives the average of 10 randomly
generated test problems with ¢ = 250n. Tables 1(a),
1(b) and 1(c¢) correspond, respectively, to the un-
correlated, weakly correlated and strongly correlated
cases. In thesc tables, # subprobs gives the number of
subproblems produced in the branch-and-bound pro-
cess, and # IKP stands for the number of IKPs solved
to optimality using the Horowitz-Sahni algorithm [6].
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Table 1
Computational results for three cases

Table 2
Cases of more than two classes of items

n B&B Binary r n Uncorrelated Weakly correlated
# subprobs CPU sec #1KP CPU sec #IKP CPU sec #IKP CPU sec
(a) Uncorrelated case 3 200 18.00 0.22 18.20 0.72
400 16.00 0.45 16.50 1.35
200 8 886.0 2,15 12.10 0.03 600 16.20 0.69 15.50 252
400 12951.8 4.58 11.30 0.06 800 14.30 0.80 14,10 2.99
60{) 14288.8 742 11.10 0.13 1000 16.50 1.39 14.10 3.78
800 23529.6 15.29 10.80 0.20 2000 14.40 3.06 12.10 5.90
1 000 41255.6 35.20 9.30 0.20 5000 12.20 7.96 11.20 11.64
I 500 107241.0 122.95 10.70 0.57 10000 1060 1742 10.50 19,74
2000 82260.8 122.67 9.50 0.79
5000 14145838 51648 930 4 3 2002370 0.2 2800 036
10000 142733.0° 1051505  7.30 12.33 00 3190 036 2740118
20000 ~ N 2.70 48.30 600 30.10 0.69 26.70 1.80
- ~ 800 28.30 0.90 25.70 2.56
50000 - - 5.20 203.78 <
30000 _ _ 390 40734 1 000 28.40 1.35 24.00 3.89
2000 24.40 2.47 21.60 6.35
27
(b) Weakly correlated case l;% ;l';g l‘;g? :Zgg ;(I)g;)
200 550904 13.64 11.80 0.06 10 200  55.20 0.09 62.20 0.33
400 452119.0 244 8] 11.10 0.16 400 61.30 0.32 38.90 0.86
600 298 136.8 217.68 9.50 0.25 600 62.00 0.50 51.60 1.35
800 229646.2 210.11 10.10 0.40 800  57.50 062 55.50 2.56
1 000 149 327.6 174.47 7.70 0.32 1 000 57.80 0.88 52.40 3.19
1500 368 943.0 630.83 8.30 0.58 2000 54.80 2.35 46.10 6.50
2000 322010.5% 708.84% 8.90 0.94 5000 5110 5.83 42.30 14.48
5000 182465.37 809.107 6.40 3.09 10000 44.90 13.60 35.30 24.65
10000 156 663.5* 1371.78% 6.00 9.84
20000 - - 4.30 26.42
- _ ) ;
;8£: - - Igg :2;3; of a few hundred items. The strongly correlated case
is difficult to solve with either of the algorithms. One
{c) Strongly correlated case remarkable observation with the binary scarch algo-
X rithm is the fact that with increasing size of instances,
igg 200;5 653.0° ‘“1'474 Ig:;gl 5;(]):221 we usually nced to solve less IKPs to optimality.

Superscribed are the number of problems solved
{out of 10) within the CPU time limit of 1800 seconds,
while this is omitted if all 10 problems are solved.
Dashes (-) indicate that no instances were solved
within the time limit. Averages arc taken only for the
problems solved within this time limit.

From these tables we observe that the binary search
method outperforms the branch-and-bound algorithm
for all classes of test problems. For the uncorrelated
and weakly correlated cases, the binary search algo-
rithm solves problems of up to 20000 items in less
than a minute, while with the branch-and-bound al-
gorithm this can be pretty hard even for the problems

Next. Table 2 shows the results of the binary scarch
algorithm applied 1o the case of r (> 2) classes con-
sisting of n/r items each.

Here we observe that the more classes we have, the
more IKPs we need to solve to optimality. However,
CPU time remains almost the same with the increase
of r. This appears to happen since (with fixed n) we
have smaller-sized IKPs for larger ».

5. Conclusion

We have formulated the knapsack sharing problem
as an extension to the knapsack problem, and pre-
sented two algorithms to solve the problem to opti-
mality. The algorithms were implemented and compu-
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tational experiments were carricd out. As a result of

the experiments, we found that the binary search al-
gorithm solves KSP with 20000 variables in less than
a minute in our computing environment,

The following items arc left for future research.
Performance of a branch-and-bound procedure de-
pends highly on particular implementation of that
algorithm. Programs of this kind are often accelerated
drastically by employing sophisticated implementa-
tion techniques. The computer code developed in this
rescarch is rather a crude realization of the branch-
and-bound method; thus, refinement of the algorithm
in this direction should certainly be pursued. The
binary search method may further be accclerated by
adopting more advanced methods (such as MT2 or
BZ in [12], which is claimed to be faster than the
Horowitz-Sahni algorithm [6] used in the current
work) to solve IKP more rapidly. Finally, more ex-
periments for larger instances should be conducted.
For such a problem, (meta-)heuristic algorithms such
as simulated annealing or tabu search might prove
uscful.
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