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An exact algorithm for the budget-constrained
multiple knapsack problem

Byungjun You and Takeo Yamada
Department of Computer Science, The National Defense Academy,
Yokosuka, Kanagawa 239-8686, Japan

Abstract

We formulate the budget-constrained multiple knapsack problem (BCMKP) as an
extension of the multiple knapsack problem (MKP). The Lagrangian relaxation problem
is easily solved, and together with a greedy heuristic we obtain a pair of upper and lower
bounds quickly. We make use of these bounds in the pegging test to reduce the problem
size. We also present a branch-and-bound algorithm to solve BCMKP to optimality.
This algorithm makes use of the Lagrangian multipliers for pruning, and at each terminal
subproblem solve MKP exactly by calling the MULKNAP code developed by Prof. D.
Pisinger. As a result, we are able to solve test problems with up to 160000 items and 150
knapsacks within a few minutes in an ordinary computing environment, although the
algorithm remains some weakness for small instances with relatively many knapsacks.

Keywords Multiple knapsack problem; Combinatorial optimization, Integer programming.

1 Introduction

This paper is concerned with a variation of thaltiple knapsack probleMKP) [6, 9, 10],
where we are given a set ofitemsN = {1, 2, ..., n} to be packed inton possible knapsacks
M = {12...,m. Asin ordinary MKP, byw; and p; we denote the weight and profit of
item j € N respectively, and the capacity of knapsack M is ¢;. However, a fixed cost;
is imposed if we use knapsackand knapsacks are freely available within a fixed budjet
The problem is to determine the set of knapsacks to be employed as well as to fill the adopted
knapsacks with items such that the capacity constraints are all satisfied and the total profit is
maximized. Lety; andx; be the decision variables such tlyat 1 if we use knapsack and
yi = 0 otherwise. Alsox; = 1 if item j is put into knapsack andx;; = O otherwise. Then,
the problem is formulated as the followitbgdget-constrained multiple knapsack problem
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BCMKP:

m n
maximize Z P;iXij (1)
i—1 j=1
n
subjectto ) wix; <cyi, i€M, (2)
j=1
: m
i—1
m
fiyi < B, (4)
i=1
Xij, i €{0,1}, ieM,jeN. (5)

Throughout the paper we assume the following.

A;. Problem datav;, p; (j € N), ¢, fi (i € M) andB are all positive integers.
A,. Items are arranged in non-increasing order of profit per weight, i.e.,

P1/Wy > P2/Wo > ... > Pn/Wh. (6)

As. Knapsacks are numbered in non-increasing order of capacity per cost, i.e.,

ci/fi>c/fr>... > cCn/fn (7)

BCMKP is NP-hard [4], since the special case of free knapsaéks (0, Vi € M) is
simply an MKP which is alreadyW#-hard. Since BCMKP is a linear 0-1 programming
problem, small instances can be solved using MIP (mixed integer programming) solvers. In
this article, we present an algorithm that solves larger BCMKPs to optimality within a few
minutes in an ordinary computing environment.

This problem is closely related to tli@ed-charge multiple knapsack probldFCMKP,

[16]), where instead of the budget constraint (4) the objective is to maximizedttetal
profit 30 s pjxi; — X2y fiyi. Both of these problems may be encountered by a shipping
company in making up a ship leasing plan to transport items from one location to the other.

2 Upper and lower bounds

This section derives ampper boundy applying the_agrangian relaxatiorj3] to BCMKP.
We also present greedyalgorithm to obtain a good approximate solution quickly, which
necessarily gives wer boundo BCMKP.

2.1 Lagrangian relaxation

With nonnegative multiplierd = (1;) € R" andu € R associated with (2) and (4) respec-
tively, theLagrangian relaxatiorto BCMKP is
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LBCMKP( 4, 10): I o
maximize Z Z(pj — /lin)Xij + Z(/lici - /in)yi + ,uB (8)
i=1 j=1 i—1

subject to (3), (5).

Fora >0, u > 0, letz(4, u) denote the optimal objective value to LBCMKRf). Then, itis
easily proved thak(q, i) gives an upper bound to BCMKP, az@, ) is a piecewise linear
and convex function of andu. Moreover, if we consider thieagrangian dual

minimize Zz(A,u) subjecttod > 0,u > 0,
we have the following.

Theorem 1 There exists an optimal solutioll = (/liT) to the Lagrangian dual such that
A=a=..=2,E=2.

Proof. For a fixedd = (4;) > 0, letk := arg minem{4i}. Then, sincep; — 4w; < p; — Aw; for
alli € M andj € N, the objective function (8) is maximized by settirg = 1 if and only if
I = kandp; — A4w; > 0. Similarly,y; = 1 if and only if 4;¢; — uf; > 0, and we obtain

n

24w = ) (P = A4wy) + )" (4G — )" +uB, 9)
i=1

=1

where ()* := max:, 0}. Here, we note thati{c; — i f;)* is monotonically non-decreasing with
respect toy; (i # k). Thus, under the conditiafy > Ay, (9) is minimized afl; = A (i € M). y

From this theorem, it gtices to consider the case 4f= A (Vi € M), and thusz(4, ) is
rewritten as

ZA, 1) = (Ct — Ws)Ad + (B - F)u + Ps. (10)

Here s andt are thecritical valuesdefined ass := maxj | pj — Aw; > 0} andt := maxi |
AG — uf; > 0} respectively, andVs is theaccumulatedveight given byWs := jszle. Ps,

C: andF; are analogously defined fop|), (c;) and (f;), respectively. For a fixed > 0, (10)

is a piecewise linear function af (See Figure 1), and its gradient changes floyn- W; to

Ci — Ws_; asd increases fronps/ws — 0 to ps/ws + 0. Similarly, the gradient increases from
Ci1 —Wsto C; — Ws at a2 = (fy/c)u. Thus, we obtain the optimalas

ps/Ws’ |f Ws—l < Ct < Ws,

0 = { (f/cus if Cry < We< G (1)

Putting this into (10)z(A"(u), 1) is also piecewise linear with respecitoand bybisection
method14] we obtain an optimak’ andA™ := A7(u"), and correspondingly an upper bound
Z=Z(A"(u"), u"). Let us introduce théhresholdsas

9j =p- /ﬁWj, ni = /lTCi —/j fi. (12)
Then, from (9) the Lagrangian upper bound is given as

Z:i=ZA ") = > 6+ > it +u'B, (13)

jeN ieM
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(A
( > p-aw; <0 Epj—/le>0
\;Lci-,ufi>0 lae- ufi<0

pn/wn /1 ps/ws pl/wl

Figure 1: Lagrangian functior(1, ) for a fixedpu.

Remark 1. We note that constraint (5) in LBCMKR{(u) can be replaced with
Xij >0, 0<y <l ieMjeN (14)

Then, the Lagrangian upper bouadtoincides with the upper bourzt obtained by the
continuous relaxation of BCMKP (see, e.g., Wolsey [15], Theorem 10.3 and Corollary).

Example 1. We consider the following instance with buddgt 1627.

Table 1: The data of items

i 1 2 3 4 5 6 7 8 9 10 11 12
P 621 466 456 645 756 609 923 302 613 670 456 427
Wi 62 66 129 255 410 552 873 293 687 802 591 571
pj/wj 10.02 7.06 353 253 184 110 106 103 0.89 0.84 0.77 0.75

Table 2: The data of knapsacks

[ 1 2 3 4 5
¢ 953 326 788 126 804
fi 546 223 788 156 1000
¢G/fi 175 146 100 081 0.80

By applying the Lagrangian relaxation we obtain the upper baynd 4239744 with
A" = 1.057 andu’ = 0.854. On the other hand, solving the continuous relaxation of this
problem with CPLEX 11.1 we havg = 4239740, and the dual variablels = 1.057 for (2)
andu = 0.854 for (4). 1
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2.2 A lower bound

A lower bound to BCMKP can be obtained as follows. First, we determine the set of
knapsacks to be used by solving the following knapsack problem for knapsacks.

m
maximize Z GYi
i=1

m
subject to Z fiyvi < B,
i=1
yi € {0,1},i € M.

This can be solved exactly or approximately using algorithms found in, e.g., Horowitz-Sahni
[5] or Pisinger [12]. OnceY) is fixed, we can solve the resulting MKP using MULKNAP
code due to Pisinger [13], and obtain a lower boand

Example 2. For the instance of Example 1, we solve the above knapsack problem, and obtain
the optimal solutiory, =y, =y, = 1 with the lower bound = 3867. 1

3 Problem reduction

A pegging test is well known for general 0-1 programming problem [2, 8, 11]. By applying
this test, many variables are fixed either at O or 1, and removing these we obtain a problem
of (often significantly) reduced size. This method can be applied to BCMKP, but to do so
we need to solve the continuous relaxation of BCMKP, and this is often time-consuming for
large-scale instances. We introduce a novel pegging test that makes use of the Lagrangian
multipliers and easy to compute. A generalization of this pegging test can also be exploited
later in developing a branch-and-bound algorithm to solve BCMKP to optimality.

Assume that we have the optimal Lagrangian multipligrandu’ with the corresponding
upper bound given by (13), as well as the lower boundbtained in Section 2.2. Létbe
either 0 or 1, and we introduce\R(= 6) as the subproblem of BCMKP wityx fixed até.
P« = 6) denotes the Lagrangian relaxation ofP£ 6) using the optimaltt andy’ in (8).
That s,

l_D(yk = 5): N m
maximize Z 0;X; + Z niy + 1B (15)

=1 i=1
subjectto x;,yi €{0,1},Vj e N,Vie M,yx =6, (16)

where we introduce a new 0-1 variabledefined byx; = 3", X;.
Let (x", y*) be an optimal solution to BCMKP witlt* = (x;;) andy" = (y;). Then, the
following is immediate.
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Theorem 2 (Pegging of knapsack&pr every ke M,
(i) fp>0andz-z<my =Yy, =1,
(i) fmp<Oandz—z< -n =y, =0.

Proof. (i) Note that the optimal objective value Ry = 6) is Z(yx = 6) := 2jeN 9j++zi§m n+
u"B + ms. Then, comparing this with (13) we hazgy = 0) = Z— n < z, which implies
Yy, = 1 in any optimal solution. (ii) is similarly proved. 1

Applying Theorem 2, the knapsacks are classified into three disjoint sukigets {i €
Mly; = 0}, Ky := {i € MJy; = 1} and the remaining/ \ (Ko U K;). Knapsack € Kg is never
used, while € K; is always used in any optimal solution to BCMKP.

Similarly, we can derive a pegging theorem for items, and applying this classify items
into the disjoint set$y := {] € NIX; = O}, I := {j € NIx; = 1} andN \ (Ip U I;). Removing
Ko andly, BCMKP is reduced (often significantly) in size. In what follows, we assume that
these are already done, and thdgs= 1o = 0.

Example 3. For the instance of Example 1, the optimal multipliers afe= 1.057 and
u" = 0.854 and the thresholds are as follows.

Table 3: The threshold; for items.

i 1 2 3 4 5 6 7 8 9 10 11 12
f; 5555 396.2 319.6 3754 3225 254 00 -78 -1134 -1779 -168.9 -176.7

Table 4: The thresholg; for knapsacks.

i 1 2 3 4 5
n  541.3 1542 160.2 0.0 -4.0

With thegap:=z-2z= 3727, we fixx] = X; = X; = L andy; = 1. 1

4 A branch-and-bound algorithm

A characteristic feature of the branch-and-bound algorithm to be given below is that branch-
ings are made with respect to variablgg {rrespective toX;;), and the latter is determined
only at eachterminal subproblems To construct such a branch-and-bound algorithm, we
introduce asubproblenof BCMKP as follows. Let~, andF; be two subsets dfl such that

Ko c Fo, Kl c Fl andFo N Fl = 0.

These represent the sets of knapsacks which are fixed at 0 and 1, respectively. We consider

the following.
P (Fo, F1): maximize (1) subject to (2) - (5and
yi=0, VieFy Vyi=1 VieF,. (17)

Using the optimal’ andu' obtained in Section 2, the Lagrangian relaxation to this problem
is
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P (Fo,F1): maximize (15) subject t@;,y; € {0,1},Vj € N,Vi € M and (17).

Let z*(Fo, F1) andz(Fo, F1) be the optimal objective values to these problems, respec-
tively. Clearly,z(Fq, F1) gives an upper bound @ (Fo, F1), i.e.,z'(Fo, F1) < Z(Fo, F1); and
we have .

AFo, F1) = D 67+ D i+ Y i +1'B, (18)
=1 ieFy ieU

whereU := M\ (Fo U F,) is the set of unfixed knapsacks. Then, if we havermumbent
lower boundz satisfyingz(Fo, F1) < z, we canterminatesubproblem Fo, F1).

Other conditions for pruning subproblems drasibility anddominance First of all, if
the total cost of accepted knapsacks is larger than the budget, Y. iffi > B, P(Fo, F1) is
infeasible, and thus terminated. Next, if we have knapsagks)(e FoxF; such that;, > c;,
andf;, < fi,, P(Fo, F1) is again terminated. Indeed, if such a pairig) exists, we can define
a subproblenP(F;, F}) by exchanging the role of these knapsack&gas= Fo U {i1} \ {io}
andF] := Fy U {io} \ {iz}. Then,P(Fo, F1) is dominated byP(F, F}), since all the feasible
solutions ofP(Fo, F1) are feasible td&>(F;, F/).

If P(Fo, F1) is not terminated by any of these criteria, and in additiod 16 non-empty,
we pick up a knapsacke U and generate two subproblems ofg,(F1) as PEo U {i}, F1)
and PEo, F1 U {i}). On the other hand, i) = 0, P(Fq, F1) is aterminalsubproblem. Here,
P(Fo, F1) is an MKP with respect to the set of knapsaéks An upper bound to this sub-
problem can be obtained by solving the following 0-1 knapsack problem, which is obtained
by replacing the set of knapsacks with a single knapsack of cagagcityc;.

maximize Z PjX;
jeN
subject to ijxj < Z Ci,
jeN ieF1
Xj €{0,1},j € N.

Linear relaxation gives an upper bound, calledErantzig bound1], to this problem as

Ze(Fo- F1) = [Po1 + (36— Wo 1)), (19)

iEFl

and ifzem(Fo, F1) < z P(Fo, F1) is also terminated. Otherwise, we solve this MKP by calling
MULKNAP [13], and obtain the optimat*(Fq, F,). If this is better than the incumbent lower
boundz, we update this aB« z'(Fo, F1).

Then, we can construct a branch-and-bound algorithm to solvg P{) as a recursive
procedure. The algorithm starts with the initial lower boun(@btained in section 2.2) and
(Fo, F1) := (Ko, K1), and in termination produces an optimal solution to BCMKP. However, in
implementing the branch-and-bound algorithm, we have to specifstthgegyfor the choice
of the branching knapsackas well as the method to traverse the branch-and-bound tree. As
for the branching knapsack, under assump#gnwe pick up the unfixed knapsack of the
smallest index, i.e., := min{klk € U}, and callP(Fo, F; U {i}) recursively before calling
P(Fo U {i}, F1). This means that we examine subproblems with more knapsacks fixed at 1
earlier than others. For the latter we employ tlepth-first searchil4], since other methods
(such as thdreadth-firstor best-firstmethods) are usually heavy in memory requirements.
The algorithm is as follows.
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4 .
Algorithm SOLVE-BCMKP o, F1)

Input: Fo, F1 € M, Fon F; =0, and an incumbent lower bourzd

Step 1 (Check feasibility and dominance).
If Yicr, fi > B, orthere exists a pairy i1) € FoxF suchthat;, > ¢, andfi, < f;,
return.

Step 2 (Generalized pegging test).
If Z(Fo, F1) <z return.

Step 3 (Terminal node).
If U:=M\ (FoU Fy) # 0, go to step 4. Otherwise do:

1. (Dantzig bound) l&em(Fo, F1) < z return.
2. (P(F4, Fy)is an MKP).

e Solve this problem using MULKNAP and obtain the optimal objective
valuez'(Fo, F1).

o If Z(Fo, F1) > z update the incumbent ki z(Fo, Fy).
e return.

Step 4 (Branching).

1. Pick up the smalleste U.

2. Call SOLVE-BCMKPE, F1 U {i}).
3. Call SOLVE-BCMKPE, U {i}, Fy).
4. return.

N /

Example 4. Applying SOLVE-BCMKP to the instance of Example 1, 28 subproblems
(nodes) are generated, of which 7 are terminated due to infeasibility, and 6 due to upper
bounds. 2 MKPs are solved by MULKNAP, and we obtain the optizhal 3916. The same
objective value is obtained by solving this BCMKP directly using CPLEX 11.1. 1

5 Numerical experiments

We evaluate the performance of the branch-and-bound algorithm of the previous section
through a series of numerical experiments. We implement the algorithm in ANSI C language
and conduct computation on an Dell Precision T7400 workstation (CPU: Xeon X5482 Quad-
Corex2, 3.20GHz).

5.1 Design of experiments

Instances are prepared within the range of 200 < 160000 and % m < 150 according
to the following scheme. The weight; is distributed uniformly random over the integer
interval [1Q 1000], and profif; is related taw; in the following way (See Figure 2).

e Uncorrelated case (UNCOR): uniformly random over,[1@00], independent of;.
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e Weakly correlated case (WEAK): uniformly random oves [w; + 200].

e Strongly correlated case (STRON®)::= w; + 20

Pj P; 3 P;
1000 . . 1000 o 1000|_
i) T o .-' e e ""_'Ef-
LY '..--:.- ’.;.l"a
il e ot
.'.'-l:" e ."'."'.--'-l. gy
500 " it 500 | i 500 |
L . ”I_-. I? ..-..-.- .!._{,:-:‘
. :='. W Ll T -":‘=='f
e .t et " m =ir
,:-"-u o RGon :%-' /
0 [z = wrmp® [ "r | 0 % I ! 0 I |
0 500 1000 ;4 0 500 1000 4, 0 500 1000 v,
(a) UNCOR ¢ (b) WEAK (¢) STRONG

Figure 2: Correlation ofv; andp;.

Knapsack capacity; is determined by, = |50 - « - &, where §) is uniformly dis-
tributed over the simpleX(&s, ..., &) XM & = 1,& > O}, anda is a parameter to control
the ratio of items that can be accepted into the knapsacks. Since average weight of items is
approximately 500¢ = 0.50 means that about a half of all the items can be accommodated
in the knapsacks. Knapsack cost is givenfby= pic;, wherep; is uniformly random over
[0.5,1.5], and the budgeB is chosen aB = g, fi. Herep is another parameter that
controls the ratio of the budg&tover the total cost of knapsacks.

5.2 Comparison against MIP solvers

Table 5 summarizes the computation of small instances with paranaetefs5 andg =
0.6,n =10 ~ 40 andm = 3 ~ 12 using MIP solver CPLEX 11.1 [7] and branch-and-bound
method of section 4. For each correlation type and valugsasfdm, 10 random instances
are generated and solved. Here shown are the number of instances solved to optimality within
a fixed CPU time (#solved), and the average CPU time in seconds. We set the time-limit of
computation at 1800 CPU seconds, and if computation is truncated due to this time-limit, the
CPU time for this instance is interpreted as 1800 seconds in computing averages.

From Table 5 we see that commercial solvers are able to solve only very small instances
within the time-limit, while branch-and-bound solved all these problems within 30 seconds.

5.3 Large instances

Table 6 gives the results of computation of upper and lower bounds as well as the pegging
test for larger instances with = 20000 ~ 160000 andn = 50 ~ 150. The table shows
the upper and lower bounds&ndz, respectively), and the column of ‘Error(%)’ gives their
relative errors defined by 10Qz— 2)/z. Applying the pegging test, some knapsacks are fixed
either at 0 or 1, andY shows the number of unfixed knapsacks, .= |[M\(Ky U K;)|.
‘CPU,’ is the CPU time in seconds to compute upper and lower bounds, as well as to carry out
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_ branch-and-bound CPLEX 11.1
Correlation n M Zsolved CPW.,  #solved CPlk
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UNCOR 10 3 10 0.00 10 0.01
20 6 10 0.00 10 0.08
30 9 10 1.66 10 8.81
40 12 10 14.31 6 845.00
WEAK 10 3 10 0.00 10 0.01
20 6 10 0.00 10 0.48
30 9 10 0.34 10 107.03
40 12 10 16.84 0 1800.00
STRONG 10 3 10 0.00 10 0.01
20 6 10 0.00 10 2.54
30 9 10 0.04 9 374.06
40 12 10 0.66 2 1637.38

the pegging test. From this table, we observe that the pegging wfidaieely in reducing
the number of knapsacks. However, we found that it is |&&s&ve for reducing the size of

n.

Table 7 is the results of the branch-and-bound algorithm for various instances. This table
shows the optimal value(), the number of the generated nodes in the branch-and-bound al-
gorithm (#nodes), the number of pruned subproblems due to infeasibility (#infeas), or due to
upper bounds (#ub), the number of terminal MKPs solved by calling MULKNAP (#Pis), and
the CPU time in seconds (CRU Each row is again the average over 10 random instances.

Except for some cases, the branch-and-bound method solved BCMKPs exactly by invok-
ing MULKNAP only a few times and within a few minutes. We conclude that the branch-

and-bound algorithm is very successful for these large instances.

10
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Correlation m n(x10%) 2z(x10") 2zx10") Error(%) m CPU,

UNCOR 50 0.67839 0.67776 0.09 13.6 0.01
1.36165 1.36010 0.11 16.2 0.02

2.71760 2.71492 0.10 149 0.05

16 5.43095 5.42441 0.12 16.0 0.10

100 0.68241 0.68223 0.03 19.3 0.01
1.36177 1.36125 0.04 23.6 0.02

2.71905 2.71781 0.05 26.7 0.05

16 5.42959 5.42713 0.05 234 0.10

150 0.68306 0.68299 0.01 17.8 0.01
1.36191 1.36173 0.01 21.1 0.02

2.71811 2.71749 0.02 31.9 0.05

16 5.44194 5.44055 0.02 31.2 0.10

WEAK 50 0.48252 0.48176 0.16 13.6 0.01
0.97220 0.97032 0.20 16.2 0.02

1.93985 1.93660 0.17 149 0.05

16 3.87370 3.86576 0.21 16.0 0.11

100 0.48740 0.48718 0.04 19.3 0.01
0.97232 0.97168 0.07 23.6 0.02

1.94149 1.93998 0.08 26.7 0.05

16 3.87202 3.86903 0.08 234 011

150 0.48819 0.48810 0.02 17.8 0.01

0.97251 0.97229 0.02 21.1 0.03
1.94033 1.93959 0.04 31.9 0.06
3.88695 3.88525 0.04 31.3 0.11

=

STRONG 50 0.37426 0.37326 0.27 17.1 0.48
0.74238 0.74094 0.19 142 1.08

1.49757 1.49432 0.22 16.2 2.09

16 2.98705 2.98142 0.19 149 6.76

100 0.37287 0.37264 0.06 20.7 0.61
0.75081 0.75034 0.06 23.0 1.57

1.49777 1.49652 0.09 26.1 2.89

16 2.98985 2.98719 0.09 27.2 8.63

150 0.37527 0.37520 0.02 16.2 0.59

0.75219 0.75203 0.02 18,5 0.84
1.49811 1.49746 0.04 31.2 249
2.98785 2.98645 0.05 34.8 3.45

OO0 BRANOODOEANOODODEENOOEANODOIEAENODOOAEANOODEEANODOIEANOODOEADN

[ERN

11
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Table 7: Branch-and-bound results for large instances.

Correlaton m n(x10%) z(x10°) #nodes #infeas #ub #Pis CPRU
UNCOR 50 2 0.67793 15258 178.1 583.7 21 0.42
4 1.36067 2986.0 476.9 10146 25 1.57
8 2.71614 769.0 1405 2431 1.9 0.82
16 5.42675 1086.0 160.2 380.9 2.9 2.36
100 2 0.68226 7414.8 763.9 29428 1.7 2.01
4 136153 7081.0 970.5 2567.8 3.2 3.75
8 2.71849 8054.8 10599 2965.1 34 8.58
16 5.42826 48404 9395 1479.1 2.6 9.48
150 2 0.68300 32544 490.5 1136.1 1.6 0.74
4 136178 4353.0 4314 17441 20 2.46
8 271782 9085.8 858.2 36834 2.3 10.12
16 5.44151 11524.8 1443.7 43159 3.8 24.38
WEAK 50 2 0.48197 1525.2 1779 5836 2.1 0.40
4 0.97101 2988.8 4779 10150 25 1.56
8 1.93808 769.0 1405 2431 1.9 0.82
16 3.86860 1088.8 160.5 382.0 29 2.37
100 2 048722 7416.2 763.8 29436 1.7 1.94
4 097202 7085.8 972.3 2568.4 3.2 3.71
8 1.94080 8049.0 1061.3 2960.8 3.4 8.49
16 3.87040 48414 939.2 14799 2.6 9.45
150 2 048812 3260.2 4915 1138.0 1.6 0.81
4 097235 43704 431.7 17525 2.0 2.44
8 1.94000 9121.8 8634 3696.2 2.3 10.05
16 3.88642 11559.4 14442 4332.7 3.8 24.37
STRONG 50 2 037365 18946 356.1 589.8 24 1.53
4 0.74142 1586.0 1939 597.7 24 2.75
8 1.49551 2946.8 4754 9965 25 8.91
16 2.98398 767.4 1405 2423 19 13.17
100 2 037271 33176 436.3 1221.0 25 1.83
4 0.75050 10080.6 1173.8 3863.7 3.8 8.81
8 1.49727 7365.6 1027.8 2652.3 3.7 17.10
16 2.98867 8526.4 1093.5 3167.2 3.5 42.15
150 2 037520 3685.8 325.7 1517.1 11 1.53
4 0.75206 4666.6 613.7 17186 2.0 4.30
8 1.49783 7787.2 965.1 29254 4.1 21.62
16 2.98725 9468.6 901.8 3830.8 2.7 31.81
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5.4 Sensitivity analysis

We now examine sensitivity of the algorithm with respect to the paramet@nsl3, which
have been fixed at = 0.5 andB = 0.6 in the previous experiments. Tables 8 and 9 give the
results of sensitivity analysis, where we show the result of WEAK casemt80000 and
m = 100.

Table 8: Sensitivity analysis an (WEAK, n = 80000 m = 100,58 = 0.6).

a 0.3 0.4 0.5 0.6 0.7 0.8
Error(%) 0.07 0.08 0.08 0.08 0.08 0.08
zZ(x10) 1.2569 1.6027 1.9408 2.2728 2.5989 2.9193
#nodes 8044.8 7996.6 8049.0 8236.4 8341.0 8467.0
CPL, 0.98 0.66 0.67 0.70 0.70 0.72

Table 9: Sensitivity analysis gh(WEAK, n = 8000Qm = 100, @ = 0.5).

8 03 04 05 06 07 08
Error(%)  0.13  0.10 0.08 0.08 0.11  0.06
7(x10) 1.2505 1.5050 1.7323 1.9408 2.1340 2.3139
#nodes 3066.8 4124.4 74102 8049.0 3968.8 3222.0
CPU, 026 035 062 067 032 0.29

From these tables, we see that the optimal objective vaijiencreases almost linearly
with the increase o& as well as of3. However, these parameters do not have mutdce
either on the relative errors between the upper and lower bounds, the number of the subprob-
lems generated in the branch-and-bound process, or its CPU time.

5.5 Weakness of the algorithm

It is known that MULKNAP is less fective in solving MKPs with relatively few items
per knapsack. Here we show the case of BCMKP with fewer number of items, i.es 200
n < 500. Tables 10 and 11 summarize the results for these cases. From Table 10, we see that
the relative errors are higher than in Table 6, especially for smaléerd largem such as
n = 200 andm = 150. Correspondingly, the pegging test is le§sctive for these cases.

Table 11 shows the result of the branch-and-bound. We truncated computation at the

time-limit of 1800 seconds, and in such a case we took'dke best incumbent value at
that time, and the CPU time was set to 1800. Again, we were unable to solve instance with
smallern and largem (such asn = 200 andm = 150) within the time-limit. We conclude
that branch-and-bound inherits the weakness of MULKNAP, and héiveutty for problems
with relatively smalin per knapsack.

13
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Table 10: Bounding and pegging results for small instance.

Correlation m n z(x10°) z(x10) Error(%) m
UNCOR 50 200 0.68195 0.68073 0.18 20.7
300 1.01466 1.01355 0.11 155
400 1.35890 1.35772 0.09 146
500 1.71594 1.71459 0.08 12.6
100 200 0.67888 0.66438 2.20 100.0
300 1.01771 1.01354 0.41 80.6
400 1.35767 1.35714 0.04 248
500 1.71465 1.71407 0.03 228
150 200 0.67994 0.61724 10.29 150.0
300 1.01576 0.99519 2.07 150.0
400 1.35929 1.34522 1.06 145.8
500 1.71317 1.71250 0.04 41.2
WEAK 50 200 0.48864 0.48753 0.23 16.8
300 0.72684 0.72570 0.16 13.9
400 0.97050 0.96923 0.13 131
500 1.21957 1.21810 0.12 115
100 200 0.48493 0.47571 194 999
300 0.73072 0.72892 0.25 554
400 0.96900 0.96860 0.04 185
500 1.21767 1.21711 0.05 19.6
150 200 0.48631 0.44993 8.15 150.0
300 0.72825 0.71694 1.58 150.0
400 0.97096 0.96667 0.45 1255
500 1.21589 1.21547 0.04 295
STRONG 50 200 0.37262 0.37184 0.21 15.2
300 0.56287 0.56205 0.15 10.6
400 0.75498 0.75373 0.17 11.7
500 0.93543 0.93366 0.19 136
100 200 0.37450 0.37121 0.89 91.0
300 0.56207 0.56150 0.10 275
400 0.74866 0.74827 0.05 16.5
500 0.93999 0.93946 0.06 18.7
150 200 0.37592 0.35959 4,59 150.0
300 0.56384 0.56016 0.66 139.7
400 0.75124 0.75070 0.07 446
500 0.94049 0.94002 0.05 335

14
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Table 11: Branch-and-bound result for small instances.
Correlation m n z(x10) #nodes #infeas #ub #Pis CpU
UNCOR 50 200 0.68102 3244.1 629.9 987.0 5.0 182.83
300 1.01355 2701.0 359.8 988.8 2.9 0.00
400 1.35772 1406.4 157.2 545.0 2.0 0.00
500 1.71459 1307.8 122.8 530.3 1.8 0.00
100 200 0.66438 128.4 28.4 0.0 0.0 1800.00
300 1.01362 113.4 29.6 0.0 0.1 1800.00
400 1.35715 161249.6 22250.1 58298.1 77.6 0.25
500 1.71407 12515.6 1053.8 51994 5.6 0.01
150 200 0.61724 192.9 42.9 0.0 0.0 1800.00
300 0.99519 191.2 41.2 0.0 0.0 1800.00
400 1.34522 188.6 42.8 0.0 0.0 1800.00
500 1.71250 64457.2 5625.4 26582.2 13.0 900.09
WEAK 50 200 0.48770 1388.5 328.1 3629 2.1 546.35
300 0.72570 1620.6 216.6 5932 15 0.00
400 0.96923 1027.4 120.1 393.0 1.6 0.00
500 1.21810 991.6 89.1 406.4 1.3 0.00
100 200 0.47571 128.3 28.4 0.0 0.0 1800.00
300 0.72892 78.1 22.7 0.0 0.0 1800.00
400 0.96860 9549.6 832.1 3940.0 3.7 0.01
500 1.21711 4639.6 4847 18346 15 0.00
150 200 0.44993 192.9 42.9 0.0 0.0 1800.00
300 0.71694 191.2 41.2 0.0 0.0 1800.00
400 0.96667 167.4 41.9 0.0 0.0 1800.00
500 1.21554 12181.6 806.6 5276.5 2.2 1080.05
STRONG 50 200 0.37192 1197.0 138.4 458.8 2.3 0.01
300 0.56205 794.6 122.8 2744 1.1 0.00
400 0.75373 815.0 132.3 2749 1.3 0.00
500 0.93366 1189.8 1745 420.3 1.1 0.01
100 200 0.37121 119.6 28.6 0.0 0.0 1800.00
300 0.56164 16286.6 2273.6 5861.1 9.6 30.82
400 0.74830 4432.8 595.5 1618.2 3.7 0.17
500 0.93952 8602.6 751.7 35452 5.4 0.08
150 200 0.35959 190.8 40.8 0.0 0.0 1800.00
300 0.56016 181.4 41.7 0.0 0.0 1800.00
400 0.75079 55412.2 7969.2 19682.0 48.2 735.37
500 0.94021 22567.0 2542.7 87355 6.3 0.83
15
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6 Conclusion

We have formulated the budget-constrained multiple knapsack problem, and presented an
algorithm to solve this problem to optimality. By combining the Lagrangian relaxation and
pegging test with the branch-and-bound method that solves MKP at each terminal nodes
by calling MULKNAP, we were able to solve almost all BCMKPs with uprte= 160000
items andm = 150 knapsacks within a few minutes in an ordinary computing environment.
However instances with smallarand largem remain hard to be solved exactly.
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