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1. Introduction

The minimum problem of the wave resistance of ships has generall¥
no solution or at least no unique one analytically except special cases.

One of such special cases is of ships with infinite draft repre-
sented by draftwise uniform doublet distribution over the vertical center
line plane.(7)

In this case, the existence, the uniquenéss and characters of
the solution were given by Professor Karp and others.(7)

They solved the integral eguation numerically, and this was an
easy way but difficult to secure g necessary accuracy especially in low
speed where the wave resistance becomes very small.

In the other way, the analytical treatment is not only simple
too but supplies very meny interesting knowledges so far as we have com-
plete tables of necessary functions.

In this paper, the author presents such treatment of the problem

with the aid of the text and tables of Mathieu functions which he has been
sble to use.(4,5)

2., Wave Resistance Formuls

Consider the uniform flow with unit velocity flowing from the
positive direction of x-axis down to the negative and the doublet of which
axis directs to the positive x-axis and distributing draftwise uniformly
over the plane |x| S 1.

Then, the wave meking resistance of this doublet distribution
is given as follows. s

_ n/2
R = pglP2/x Of | (g seco)|? seco a6 , (2.1)
with
1
F(p) = [ H(x) exp(-ipx) dx , (2.2)
-1

where p means the water density, g the gravity constant in this unit
system and |F| the absolute value of F .
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The function BH(x) represents the doublet strength except the
constant multiplier and equals nearly to the breadth of the ship consid-
ered by well-known approximation.

Moreover, B stands for the mean breadth, so that the mean value
of H(x) should be unit, namely,

1
(1/2) [ B(x) dax =1 . S (2.3)
-1

Changing the order of integration, the formuls (2.1) can be
written as

N |
Cw = 8R/(pB°) = 8g° *{ H(x)r(x) ax , (2.4)

with
1
r(x) = -(1/2)_{ H(x')Yo(g|x-x"]) ax' , (2.5)

where Y, 1is the Bessel function of the second species. 5
Taking the variation with respect to H(x) in this formula
and neglecting higher order terms, we have
ACw = 16g21(x) [AH(x)Ax] . (2.6)

Namely, the variation of the wave resistance with small deforma-
tion of the water plane area is proportional to the function T(x) .

For this property, we name it the influence function following
to E. Hogner.(B)

Row, taking the class of functions considered by S. Karp and
others, assume the next expansion in series of Mathieu functions, here-
after we follow the notations of Meclachlan's text,<lL

H(x) = ¢(6)/sin6 , x = -cos6 , (2.7)

and

o(6) = 3 ancen(e,q), a = &/h . (2.8)
n=0




-989-
Putting this expansion in (2.5) and (2.4), we have
F(X) = HEO “na’ncen(qu_> > (2“9)
and

s 2
o = bxg® ¥ p,a (2.10)
n=0 i

where

Il

wpn = =(/2)[ 82 Jeeon(n/2,0)17Feyon(0,a)/cean(0,a) 5

i

Honygl -( “/2) {Jqu2n+l)/Ceén+l( 1{/2 »)] gFngrH_l(O Q) /Cegn+l(o »4) s

(2.11)
(4,8)

because of the orthogonality of functions.

The form of the right hand side of (2.10) reduces the problem
to simple calculation.

Some value of p, are shown in Table 1. .

3. Minimum Problem 1(8)

Firstly, consider the problem to minimize the wave resistance
when the ship length, speed and water plane area are given, oOr in other
words Froude number (Fr. = l/fég) and the mean breadth B are given.

This means to minimize Cw of (2.4) or (2.10) under the condi-
tion (2.3), which is rewritten as follows, putting the expansion (2.7)
and (2.8),
(2]
Y a

n=0

2nAgen) - o/x ' (3.1)

Thence, making use of Lagrange's method, we may have the solu-

tion as

apn = 21A82n>/u2n =abn , 2onil =0 (3.2)
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where A 1is Lagrange's constant and determined by (3.1), that is,
A =1/(xCq,0)5 Co,0 = no‘;o (A(()En))g/ugn (3.3)
Putting these values into (2.10), we have
Cw = 16g2) = 16g2/(xCo o) = Cwo . (3.4)

Moreover, the influence functions (2.9) becomes

[2e]
r(x) =2 - né; Aégn)cegn(@,q) = A = Cwo/(l6g2) s (3.5)
by the expansion of a constant in Mathieu functions.

Secondly, consider the case when the area and the moment or
center of floatation of the water plane area are given.

This latter condition is given as, say,
1

(l/h)_lf H(x) xdx = o , (3.6)

which means that the center of floatation is aft of midship by <« times
of the ship length, and this determines one more relation between the co-
efficients other than (3.1), namely,

5 gy at®) g afx (5.7)

In the same way as the above, we have easily found the follow~
ing result.

appy1 = 8 @ A£2n+l)/(“cl,l“2n+l) = Q afn.) s (3.8)
Cw = Cwo + 16 afcwl (3.9)
r(x) = Cwo/(16g%) + a Cwl cose/(2g2) , (3.10)

apy and Cwo are the same as (3.2) and (3.4) and

pd 2
oWl =16¢2/(x €1,1) , C1,1 = % AlBN s | (3.11)
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Thirdly and lastly, let us add to the first problem the con-
dition that the second moment of the area is given arbitrarily.

That is given as

(1/8) ﬁ-H(x) x© dx = m2
- (3.12)
m2 = 1/8 + (x/32) E agnAégn)

n=0

Then, we find easily the next solution in the same way as the

above.
82n = agh t7 bgn s @opy1 =0,
ol
bgh = 2[C4 Aéen) - Co,0 Aégn)]/(ﬂ Ausy) ©-12)
Cw = Cwo + yoCw2 , (3.1h)
r(x) = cwo (16g2) - 2y[Co,2 = Co,o0 cos 26]/(x &) (3.15)
where
A= Co,o 02,2 - C%,Q ’
(3.16)
Co,2 = néo aFaLEm) s C2,2 =‘n§; (Aégn))g/uzq
y = 16(m2-m?) , mg =1/8 + Co,2/<l6co,o) , (3:17)
cw2 =_l6g200jo/(n A) . (3.18)
In this place, let us introduce the quantity
5 = 1/8(0) = 1/[ 5 appeepn(n/2,0)] , (5.19)

which equals approximately to the usual water plane area coefficient.

In the first problem, this quantity takes the value

8 =298 = KCOJO/(gDo) » Do = ngb AéEH)CGEn(ﬂ/gJQ)/“Qn s (3.20)
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and in this case, using the above notations,

1/5 = 1/8, + 27(0010132 = Co,2D0)/ (x A),
(3.21)
Dp = L Aé2n)ce2n(n/2,q)/p2n .
n=0

The quantity m or 7y is not familiar than 5, so that the
solutions in this case are computed for four given values of § using
this relation.

The numerical values of the above appeared quantities are
shown in Table 1 and 2 and Figure 1 to 6, and moreover the expansion
coefficients of the solution in Mathieu functions are converted in the
ones of trigonometrical functions and shown in Table 3.

Namely, write the solution of the first problem

Ho(-cos6) = @o(6)/sins ,
. (3.22)
po(8) = % asncesn(6,4q)
n=o
then we may write by the conversion
po(8) = X agg)cos eme aég) = Z a2 A(En) . (3.23)
m=0

S~

In the same way, we define the coefficient a(i as follows,

m
H (x) sind = g, (6) = néo 23041 “Cons1 (852)
0, (8) = ag 41 cos(a2m+l)e , (3.24)
(l) _ i o ¥ A(2n+l)

Sompl T noo en+l72m+l
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il

x>
) *
Ho(x) sine o(8) = 25 bopces (0,q) ,

=

i

@2(@) Y a(2) cos 2me

L(2) = % (o)
%om nzb OEnAEm

[}

Y. Minimum Problem 17(8)

In the Preceding pars
cal difficulty, but such

ent from G. Weinblum's, (6

graph, we do not encounter any theoreti-
§roposition of the problem is somewhat differ-

As widely known, he had considered the problem when the dis-
tribution vanished at end points and the area coefficient was given.

It was pointed out by S. Karp and others that this fir

st con-
dition was not adequate analytically. 7)

Here, we will show that the second condition i

5 not adequate
too in the same meaning.

The second condition says that H(0)

is to be given arbi-
trarily by (3.19).

By Lagrange's method, introducing two constants, we have the

solution
2n
agn = [EllAg ) + Xoceon(n/2,q9) 1/uon - (k1)
Putting this into (2.9), the influence function in this case
becomes

P(x) =2+ %2 T cepn(n/2,9)ceon(0,0) (h.2)

in which the series of the second term is summed up as the next by in-
terchanging the order of summation and using the relations between
Fourier coefficients of Mathieu functions.

M=o 21 ’ (3-25)




2n) (2n)

[oe] [} [ve]
r, (
néo ceEH(n/E,q)cegn(@,q) = réo szb nzb (-1)"ApL ‘Apg ‘cos 2s6

=1/2 + oi (-1) cos 2r6 = (1/2) 1im [sin(2N+1)(6-n/2)/sin(6-x/2)] ,
r=0 N s

(1.3)
This value oscillates the more rapidly as the more N in-
creases, so that we may not find the definite meaning of this problem,

that is this problem is not adequate.

As easily seen, we shall meet the same difficulty as in (4.3)
when we consider the first condition.

This property. of his method may induce an instability of the
solution as he wrote.

5. Properties of the Solution

We will notice here some properties especially in low speed,
because S. Karp and others gave them in high speed.

One of the most interesting is that the value of pun Dbecomes
very much smaller by decreasing its order especially in low speed as we
see in Table 1.

This means from (2.10) that the lower the order of Mathieu
function is, the smaller the wave resistance.

Hence, the optimum distribution consists almost of the first
three Mathieu functions as we see in Table 2.

This fact enables next simple asymptotic formulas by making
use of asymptotic ones of Mathieu functions, that is,

Cwo = 6hg® exp(-2g) , for g>> 1, (5.1)
8o =Vr/(28) , (5.2)

Ehgt exp(-2g) , (5.4)
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Cw2 = 16g6 exp(-2g) , (5.5)

8 = 8o/(1 - yg/l) (5.6)

These formulas show also more

explicitly the above Principle
in low speed.

Now, the distributions of the first problem without other re-

striction are shown in Figure 2 and those of the third problem with the
given area coefficient in Figure 3 to 6.

In Figure 7 and 8, G. Weinblum's results are shown compared
with our results, and notwithstanding that they were computed for the
Tinite draft, they are similar as ours in general but the csse when they
have a large swan neck. In these cases, our solution has always a nega-
tive part, and so it has no practical meaning, but it should be remembered

that the areg coefficient of the optimum distribution without restriection
is always larger than the value in these cases.

In this meaning,

the third solutions corresponding to the
dotted branch of the resist

ance curves in Figure 1 have no meaning.

6. Wave Profile

The wave profile of the o

ptimum distribution must have some
character different from the ordina

ry ones.

For this purpose, consider the surface elevation on the x

-axis.
It is given as follows in our case.(g)
_ 1
t(x)/B = -(g/L) :{ H(x")zlg(x-x")] ax' (6.1)
with
z(u) = (d/du)[Ho(u) - Ys(u)] , for u>o0 s
(6.2)
= (d/du)[Ho(u) - 3Y5(u)] , for u<o R
where Hy means Struve's function,.
Now we may write (6.2) as
zZ(u) = [H(u) - Yi(u)] + 2Y;(u) , for u>o0
(6.3)

il

(HS(u) + vy(u)] + 2Y7(u) , for u <,0

AT LaPee

s R S R R S s e
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In this right hand side, the function in the parentheses is
even, but Yj(u) odd, and both functions tend infinity at uw =0 as
l/u, so that the integral of the even part diverges but the one of the
odd part has a definite value in the sense of Cauchy's principal value
for |x| < 1.

Namely, if we assume the distribution symmetric about the
origin, the even part of the surface elevation tends infinity but not
for the odd part. That is, remembering (2.5),

1
-(g/2) { H(x")Yp[g(x-x")] ax’

il

0dd part of ‘[g/E]

1l

-(a/ax) r(x) . - (6.4)

Hence, this should vanish in the first problem, because the
influence function is constant by (3.5), and means that the surface
elevation of this optimum distribution should be symmetric about the
midship. Inversely, if the surface elevation be symmetric, then the in-
fluence function should be constant by (6.4), so that the distribution
would be optimum.

In the same way, the odd part of the surface elevation of the
third problem is linear by (3.15) but numerically very small in low
speed.

Thence, these are the very character to distinguish the opti-
mum distribution.

Lastly, we will give the surface elevation far upper and down
stream.

Since we have an asymptotic expansion(l)
Ho(u) - Yo(u) 5 2/(nu), for >>1,
putting this into (6.1), we have approximately

1

t(x)/B = [1/(2xgx?) ] _{ H(x')dx' = 1/(xgx®) , for x> 1, (6.5)

i

When x 1is negative, the elevation consists of the same sym-
metrical part and the free wave part.




-1008-

The latter part takes the next form by (6.1) and (6.2),

1
tr(x) B = -g -:fL H(x' )Y [g(x-x") Jax’

= -2(d/dx) r(x) , for x < -1 , (6.6)

where the influence function takes s different form from the above in
this case when ]xf > 1.

Namely, for the even distribution, we have

PG) = ~(r/2) £ annlal)/cen (/2,012 Feyp(uyq) |

: 8
for x = -cosh u , (6.7) )
Especially, for the first problem in low speed, this equals
nearly to '
r(x) = -(x Z)aﬁ[Ago> ce (n 2,q)] Fey_(u,q)
= [2exp(-g) Vrglx|] cos(glx| + n/k) (6.8)

so that we have, by differentiation,

gf,(x)/ﬁ = - [4 g exp(~g)/ﬂn!x]j sin(g|x| + x/L)
or

- 1/2) VCwo/(ng[xl) sin(g|x| + x/4) s (6.9)

7. Conclusion
2t ds On

Summarizing the sbove results, we may conclude as follows.

i) The minimum problem of the wave makihg resistance of the
doublet distribution which is draftwise uniform and tends infinitely
great depth can be solved most easily by making use of Mathieu functions.

ii) The solution of the first problem when the total sum of
the doublet or approximately the water plane area is given, the second
Problem when the center of Tloatation is also given and the third prob-
lem when the second moment of the area is given are solved and shown in
tables and figures.

S
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iii) The third problem is solved instead of the one with
the restriction for the area coefficient, because the proposition of
the problem for this case is not adequate usually.

iv) In low speed, expanding the distribution in Mathieu
functions, the lower its order, the smaller the wave resistance becomes,
so that the optimum one consists almost of the one of the lowest order.

v) The wave profile along the distribution becomes infi-
nitely large, but it should be symmetric about the midship at the

optimum speed in the first problem.

In the last place, the author thanks heartily to Professor
Maruo for his kind suggestions and discussions.
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