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Abstract

The author deals with the problem of the waveless ship.

This is a historically old but always interesting problem in theory and application.

Introducing an auxiliary function from which we have the velocity potential or
singularity distribution by the operation adjoint to the one to be satisfied by the
potential at the free surface, he gives the waveless condition for the singularity
distributions of various types in two and three dimensional case of steady motion,
and also some characters and examples.

The adjoint operator to the one for the free surface condition plays naturally an
important role in solving wave problems of all types, and we may hope a new approach
to them.

Introduction

The principal theme of this paper is a problem of the waveless distribution, that is,
a singularity distribution which leaves no regular wave system in the rear.

This problem was studied at an earlier stage of ship wave researches by Lord Kelvin
and Sir Havelock in two dimensional problem, but after them no one seems to have been
interested with.

This is, however, clearly an important problem especially for the theoretical point of
view, eventhough the waveless ship would not be obtained in practice.

The author seeks a condition under which a singularity distribution is waveless, intro-
ducing an auxiliary funetion from which we have the velocity potential by the operation
adjoint to the one for the free surface condition of the petential.

The introduction of this auxiliary function is & very natural way to solve the problem
as the differential equation, but we have not found it explicity in the literature.

In this paper, we deal only with the wave problem when a ship moves along a straight
course with constant speed in calm sea, while the method proposed here are applicable to
other problems, say, in unsteady motion.

1. Two dimensional probiem, in general

Consider the two dimensional 8uid motion due to a fixed cylinder with some section
placed on the surface of a uniform stream with great depth.
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Take the origin in the cylinder and on the undisturbed surface of the stream, with Oz
horizontal and Oy vertically upwards and suppose the stream to be of the unit velocity in
the negative direction of QOx.

We write the complex velocity potential of the motion as follows,

F@y=v(z, ¥)+idz, ¥), (1.1)

where z=xz41y, v is the velocity potential and ¢ is the stream function.
The solution must satisfy two conditions at the free surface.
Firstly, the pressure must be constant, namely,

p/p=const.— gy —q*/24 pp=const. (1.2)

where p is the fluid density, g is the gravity constant, ¢ is the velocity and p is an artificial
frictional coefficient to avoid a mathematical indeterminancy of the solution and to tend to
zero after the calculation.

Neglecting the second order quantity, this is approximately

p/p=const. —gy—i¢/0x+ e, (1.3
The second condition is a kinematical one, this is, neglecting higher order terms,
dy(x)/da=0¢{x, 0)/0y, or  Hl}=—¢(z,0), (1.4

where 7 is the surface elevation.
Taking an appropriate constant and putting (1.4) into (1.3), the free surface condition
is to be

Re.[(d/dz+ig— ) f(2)]1=0, for y=0, (L.5)

where Re. means the real part to be taken,
The function regular in the fluid and satisfying the above condition is given in the
next form,

r@=gs | TG e tim [T pgeeieds, (16)

2n1 g—toJo K—H— ML

where C is the boundary curve of the cylinder and the fluid,
1 -ikt
F(x) =5 Scf (2)e"i**dz, 1.7

and the bar above the character stands for the complex conjugate value to be taken.
In the far down stream, this potential leaves the regular wave, it is from (1.6)

Hz)=Re.[4zg F(gle ¢*],  for gxg—1, (1.8)

If @ is the amplitude of the regular wave at a great distance behind the cilinder, the
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wave resistance R ig given by one quarter of pgaZ
Accordingly, from the above formula we have

R=Ar*pg’ F(g)F(g), (1.9)®

Now the problem of the wave resistance is to find a function or an amplitude of the
wave F(g) by (1.7) with the potential satisfying the condition on the boundary €. But, to
satisfy this condition is a difficult problem, and the solutions obtained up to the present
are only of a submerged circular cylinder and a hydrofoil.®#

On the other hand, when we notice to the waveless problem, it scems easier to deal
with. That it to say, the system is waveless from (1.9), if we have

F(g)=0, (1.10)

To deal more generally with this problem, we introduce an auxiliary function k(z) by
the next definition,

(d/dz—ig)h(z)=f(2), (1.11)
we are to note that the operation to h(z) is adjoint to the operation to f(z) in (1.5).
Put (1.11) into (1.7} and integrate by parts, we have
20 F(x)=[ha)e =Tz, + i(x_g)j Iz)e-“**dz, (1.12)
c

where z, and z, are the coordinates of the points on the curve C intersecting the axis Oz.
When « equals to g, we have
2 F(g) =h(x,)e 91— h(x)e 0%, (1.13)

Consequently, if A{x;) and A{z:) vanish, the distribution is waveless by (1.10).
Meanwhile, the complex velocity potential is represented by this function in the same
manner as before, namely

f(@)=(d/dz—ig)m(2)+w(z), (1.14)
where
1 T (] W) MO =
m(z)= 21 L =L A+ 2::1,j —£ ac, (1.15)
it is easy to see that
Re.[lm(z)]=0, for y=0, (1.16)
and
__1_ h(z) = . Ktg-— ,m, gter ez | A7
w(Z)— 27 [ 2= ]x=x2+l"1}*]110§0 Kk—g— F d"[h(a:)e ] 8 =T (1 ! )

We see thus f(z) consists of two parts. The one is the term with m(z), and this
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vanishes at infinity by (1.15). The other is w(z), this contains the regular wave term by
(L.17).
If the system is waveless, (1.14) reduces to
fla)={d/dz—~ig)ym(z), (1.18)

where m(z) satisfies (1.16).

F. Ursell’s solution for the problem of an osecillating circular cylinder is based on this
separation of the velocity potential, so that we may also solve the same problem as it in
the steady motion.

2. Pressure distribution, in two dimension.

Consider here the planing surface with infinitely large spect aspect ratio.
The pressure at y=0 is given by (1.3) and (1.4} except an arbitrary constant,

p(x)/p=P(x)=Re.[—(d/dz-+ig) f(x)], for 1>z>—1, @.1)

We can easily construct the funetion I7(z) having P(z) as the boundary value at y=0,
that is

1 5‘ Pldz 2.2)
-1

&= ) e

By the analytical continuation of (2.1) into the whole fluid domain, we have
(d/dz+ig—p) f(z)=—1l(z}, (2.3)

This is a differential equation, and solved as

1
r@==|_ P@SIaG-as, @4
where
oo e—iczdx
= li _— 2.
Soz) ;}Hﬂnjo w—~g—pi ' @5)

this function satisfies the next inhomogeneous equation,
(d/dz+ig)S(gz)=—1/z2, (2.6)
Introduce here the function & by (1.11), and putl into {2.1), we have
P(x)=--Re.[(d*/de*+g")h(z)],
or writing o{x) for the real part of % changed in the sign,
P(x)=(d*/dx*+g%a(x), @7

This is an inhomogeneous differential equation of oscillation for o{x), so that it may be
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uniquely determined for the given P(z) with an arbitrary boundary condition, say, o(+1)=0.
Put (2.7) into (2.4), integrate by parts, and we have with (2.6)
1 [ de 1 1N ida/d
fO=—r| G St |+ 1 10oOueis) 4 @.9)
d& dé==i T J-1 z2—¢

Fa)

The ship surface condition is (1.4), namely, from the above formula

da/dE
1 x—§
This is in principle the same form as the eguation of wing theory, and it is compara-
tively easy to solve. The method of the solution used by H. Maruo is naturally deduced
from this equation.®
We consider now the waveless problem, the condition is to be from (2.8)

~rw=Re.{ [ L Sto@-e1]__J oo+ (" 2% g, (2.9)

1
g=~1

a-(:tl)=% {(+1)=0, (2.10)

and the form of the planing surface is given by (2.9), that is,

1(t dasde .
—75(z)=gao(x)+ ?5_1::_-/-;_ ds, (2.11)
Integrating (2.7) and (2.11) with (2.10), we have
f P(a:)dx=g2j1 o)z, @.12)
-1 -
1 1 2g (1
— gShlq(fc)d:ﬂ: gzj_la(x)dngj_l 1"_(_”:;2 dz, @13)

When the speed is very low or ¢ is very large, we may have an approximate rziation
from (2.7) and (2.11), that is,

P{2)= —g9(z) = ga (), 214

This states that the surface depression nearly equals to the statical pressure head, but
this may be not true near the singularity.
For example, we consider the next function,

o(x)=(1—z%%, (2.15)

Then, we have from above formulae

Px)=g*(1—2*)+4(32%—1), (2.16)
—gv(x)=a2(1—ze)=+%[s(2/3—m2)+4x(1—xznog(—}_“;—:)} @17
f_lp (@)dw=(16/15)g%, —gjl_1:9(::)@:::(16/15)g=+(8/3z)g, 2.18)
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In this example, the pressure is finite at end points, so that we may not have the
splash resistance too.”

Lastly, we will note to the following equation. If we carry out the adjoint operation
to both sides of (2.3), we have

(d*/d2*+9°)f(2)= —(d/dz—ig)TI (2), (2.19)

It is easily seen that this equation corresponds to (1.14) and gives also the integral equa-
tion of the same type as (2.9).

We assume here that the pressure is distributed in the finite range, while Lord Kelvin
and Prof. Havelock gave examples of the distribution in an infinite range. It is clear that
their examples are included in our theory.

3. Half immersed vertical plate.

F. Ursell solved the two dimensional problem of the wave reflection by a fixed vertical
plate half immersed in the water.® It is natural in our theory to take such a method he
used there, and we will consider the similar problem for an application of bur theory.

Consider a plate half immersed in a uniform stream and occupying the segment 0 to
—1 on the y-axis.

The complex veleeity potential is given by (1.6) and (1.7), but in thiz case the curve C
consists of the face and back of the plate, and the stream function is to take the same
value on both sides.

Hence, denoting the difference of the velocity potential between the face and back ¢,
we have from (1.6) and (1.7)

—.1_ v M.. 7 1 jmm_ -ixz
f@)= 2 j_l z2—7 d7+"1_l‘n:0 0 K—g—Mi Flae™ dx, @1
where
y 1]
P=-| stean, 3.2

We can assume naturally
#(~1)=0, (3.3)
The boundary condition is to be
d¢/fx=0/0y=—1, or Y=—y—a, on 0>y>—1, (3.4)

where « is a constant not arbitrary but to be determined in what follows.
Wc may find the left hand expression of (1.15) is given by this condition and this is
from (3.1)



A New Approach to the Problem of Ship Wave 167

. _ 1 T ig 1 1
@rdetinf @)= sty e ate e )
Integrating this equation and after the some calculations, we have their real part as
¥ 0 10

w0 vidr=Ltog—4)-* stnar+ L[* men -T2, 3.6)

0 T -1 T J-1 9=y

where
0

mu)=80) +9| o)z, 3.7

This solution may be found easily but somewhat laborious, and we will consider here
only their approximate wave resistance at very low speed.
If we have the solution m by (3.6), ¢ is given from (3.7) as

¢(y)=diy[e”j:m(ﬂ)e“”?d>p], (3.8)

Accordingly, we have from (3.2) after the some caleulations

Fo=g o] eomityroe o] eomay | 3.9

When g takes a very large value, the greatest term of m, the solution of (3.6), is
m(—cos 8)=(g/2)sin 26, (3.10)

where one of the terms containing the constant a is of the same order, but we omit it
merely for simplicity.

Put it into (3.9), after some approximations we have

Flgy=i/2zrg, {3.11)
and the wave resistance

R=pg, (3.12)
On the other hand, the usual approximation for ¢ is

d(—cos)=2sind, (3.13)

In the same way as before, we have from (3.2) and (1.9)
Flgy=1i/=g, and R=4pg, (3.19)
Thus we see that the exact value of the wave resistance is nearly one gquarter of the

usual approximate one. This is a similar result as that of F. Ursell got.”

4. Three dimensional problem, in general.

Consider now the three dimensional problem of the ship fixed on the surface of a uniform
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stream with great depth.

Take the origin of the right handed Cartesian coordinates on the waterline plane of
the ship with Oz horizontal and Oz vertically upwards and suppose the stream to be of
unit speed in the negative direction of Oz.

Write the velocity potential of the disturbed fluid motion ¢(x, ¥, 2) and the surface ele-
vation f(x, ¥), we have in the same way as (1.2}, (1.3) and (1.5) at the free surface, we
assume it z=0,

p/p=const.—gl —0¢/0x+ up=0, (4.1)
oL/ b= 0¢/02, {4.2)
(0*/0x2+-g-0/0z— p-0/0x)(x, ¥, 0)=0, (4.3)

For example, the velocity potential at the point P=({z, ¥, z) with a unit source placed
at the point Q=(x, ¥, z) is well known, that is,

E 4 oo 2 y
5P, Q)= lim 15 S xcos? 4+ g+ picosd

1
AP, Q) p—+o 21 o xcos?f—g+picost

where »(P, Q)=PQ, &=zcosf+ysind, & =z’ cosf4-y’ sind.
Differentiate {(4.4) with P, we have

grlat ) HicE - @) dkd . 4.9

—z

. e a8

H—+0

(P P, Q (P Q)

where @ stands for the mirror image point of Q with respect to the plane z=0, and this
equation vanishes on the free surface, z=0, naturally.
According to the foregoing analysis, we define the auxililary function as

(0%/0%*—g-0/0z)ulx, ¥, 2)=¢(=, ¥, 2), {4.6)

Then, we may proceed and have results in the same way as in the two dimensional
case, but it gives a complicated formula, and so we will not deal with any farther in
general, but consider a more concrete case.

5. Pressure distribution, in three dimension.

The velocity potential has been found, making use of the function S(P, @), to be

1

PP)= g

H P&, ¥) - S(P, Qda'dy’, (5.1)
S(z'=0) oz

where P(x, y) stands for p(z, ¥)/p and S(P, @) reduces to

. —-g {* (= g—rxtik(a—u’)
S, Q)= pl—l~m0 x S—:rjo rcost—g+-ipcost) dedd, (5.2)

The boundary condition over the surface S is (4.1), and this is written as follows,
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2
~9l@, V=P, )| | P&, ) SP, Q] _ detay, 63

The wave resistance R is given by the formula,

x

_PE (T 18 YZapeh
R=‘'>_ | F(g sec? §, §)[*sec® 0df, (5.4)
2z ) =2
where
Fix, 0):”3?(;5, we—isdady, (5.5)

and |F'| stands for the absolute value of F.

Now introduce the function u(x, %) by the next equation, bearing in mind (4.1) (4.2)
and (4.6),

Pz, )=[0'/0x' 4 g*(0* /02 +*/0y) I iz, W), (5.6
Putting this into (5.5) and integrating by parts, we have

Fle, th= S e~ ady[0°/0x° +ix cos - 07/0x% +(g° — & cos® 0)(8/0x + ik cos 6) | iz, )

+g° Sae—inadx(a/ Oy +1ix sin Nulx, ¥)+ &*(x? cost i/ — gz)jjs (@, Pe-isdxdy, (5.7)

where C means the periphery of the surface S,

When « equals to gsec?), the last term vanishes and we find the waveless condition as
follows,

(07 /02y =(0%/ 02" u=(8/0%)u=(8/0y)u=p=0, on C. (5.8

We have also the velocity potential as follows,

1/0 i ] , oD 1 s
#0)=5 (5 a9 5[ ()| oy
1 o 6}1__ 2u i o/ @ 2_ (ia_i ,
Y oL a0 o~ (g 0 e () M) T s@ aw

[} ou 9\ 9
+HJC(W""W)@? S(P, Qdsz’, 5.9)

The first term is regular and vanishes at infinity, but other terms having the singularity
on the curve C leave the wave system in the rear.

Thus, we see that the waveless condition (5.8) is a natural consequence.
For example, put

Mz, )= — 7P (1—2%, (5.10)
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for a rectangular plate with the length 2 and the breadth 2b, we have waveless system,
and the pressure is given by (5.6) and the surface elevation by (5.3).
We may have many other examples easily, but all of these distribution have no lift.
That is, integrating (5.6) with (5.8),

HSP(:;, Wz dy=0, (5.11)

This is the different point with (2.12) in the two dimensional case.
Lastly, let us consider the waveless distribution of a slightly different type.
If the preszure distribution has a point symmetry, (6.5) is independent of #, namely,

F(x)=ﬂP(r)e-i""mf"—“’)'rd'rdga=2zrj:P(r)Jo(xr)rdr, (5.12)

where r=42'+7% ¢=tan"'y/x and J is the Bessel function of the first kind.
It is easily seen from (5.4) and (5.5) that the waveless condition in this case is to be

F(x)=0, for k>g¢, (5.13)

Now we see, F is the Hankel transform of P from (5.12), so that we may have inversely
P(r):-l—ij(mNo(xr)xdx, (5.14)
27 Jo
If the function F(«) satisfies (5.13), this reduces to
1 (¢
)= | Feositerde, (5.15)
2r 1]

Inversely, if this equation holds, the condition (5.13) is deduced by the reciprocal trans-
formation, that is to say, the pressure distribution of the form (5.15) is waveless.
For example, put F(x) a constant, we have

_ _
Fle)=1, P(?‘)——*ZM, Jilgr), (6.16)
and the total pressure is finite, that is from (5.12).
j”P(r)rdr:Fm):L 6.17)
1]

In this case, however, the range of the distribution extends to infinity.
6. Mitchell type ship.

We mean with this word a ship represented by the singularity distribution over some
area, say rectangle, in the z—z plane. The ship of this type is one of the frequently used
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in the theory and the experiment as the model of the so-called displacement ship.
The velocity potential caused by the doublet distribution #(z, z) is written as follows,

—._1_,.. ot v om0 F ot 10>
Py=p| [ atat, )2 5P, sz, ©.1)

The function » equals approximately to the half breadth of the ship as usually known.
The wave resistance is given by the next formula,

z
2

4
R=5§9~j | Fig sec?d, 8] secs f} df, (6.2)®
. 0

where

1
Fk, (?)=S° j 7z, Z)ecr—iszconddydz (6.3)
=-f{J =1

Introduce now the auxiliary function by the next eguation,
iz, 2)=(0/02—0%/g0x?)a(x, 2), (6.4)

and we see that this is 2 generalised equation of heat conduction.

This equation may be easily solved, and «# is uniquely determined except suitable boundary
and initial conditions, say,

a(x, —t)=0, (8/8x)0{£1, 2)=0, (6.5)
Put (6.4) into (6.3) with (6.5), and integrate by parts, we have
o (1

Flx, )= —;— (x cos? (l—-g)‘g J_la(a:, z)ers—irzcosfdpdy

1 0
—|—§ lrr(a:, 0)6-"==¢°50da:-—j [a(m, z)e"“i'mc“ﬁ”]l dz. (6.6)
W= -1 r=—1
By the similar calculation, we have from (6.1),
1 i —
?(P)=%(5/3z“5‘2/9332)j_'j 1tf(fﬂ’.’f-”) 6?5’ (T/r(P, @—1/v(P, Q)ldz'dz’
1 1t , F L, 1 e ® T )
++2—ﬂ-j_lrr(m 050 S(P, Q)L=ndx T L[a Wzs] L dz. 6.7)

Consequently, the regular wave system is determined by the values of & on the fore
and aft perpendiculars and the load water line.

If these values vanish on those lines, we have a waveless distribution, that is, when
a=0, on z=0, z=—t and #==x1; Go/6z=0, on =21, (6.8

The total displacement of these distributions vanishes as the same way as in (5.11),
namely, by the integration of (6.4) with (6.8) we have
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jo jl Bl z)dmd?,:jl a(z, 0)dx=0 (6.9
Y R L A - !

For example, we have a waveless system by putting
oz, Dy=01—29)2(1+2/1), (6.10)

and 5(z, z) is given by (6.4).
When the speed is very low and g is very large, we have the approximate relation
except near the end points x=+1,

7, 2)=(0/0%)a(2, 2}, (6.11)

These distributions are very usefull in application, allthough we have no waveless ship
with displacement. Namely, we have had a very wide arbitrarity to determine the ship
form with some resistance, because these waveless distributions do not change their wave
resistance, if we add it to or subtract from any distribution.

Meanwhile, if we deal with the distribution in an infinitely long range, we have the
waveless one with a finite displacement as follows.

Consider the function #(%, 2) is of the type,

ylx, 2)=T{z)H{z), (6.15)
and write

f (P)=j°:mH(fc)e“”'°da:. (6.16)

Then, we have also the waveless condition as before,

fip)=0, for p>g. (6.17)

The relation (6.16) is of the Fourier transform, so that we may have its inverse trans-

form as
1 00
Ha=5- | fwerdp. 6.19)
In the consequence, the condition (6.17) is satisfied, if we have a represetation of the
next form,
1 (# .
H (=r)=—2;j f(pe*=dp. (6.19)
-
For example, put
Cp+1
SO=2 7 U (p/ar 1, 6.20)

Then, we have
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I'iv+1)

- - _—_I6+D
H@=g oot Jion), | H@de=2(7

Tet1/2)" (6.21)

In the foregoing discussion, we have assumed that the distribution is represented by
an integrable function, but it is used to assumed that it is succesively differentiable in
almost all cases up to the present.

This is a severe restriction especially for the mathematical point of view,'V but it is
also true that the half breadth curve of the actual ship surface seems to be represented by
such a function. Accordingly, we will give some formulas of such case in addition.

At first, all of the foregoing conclusions, of course, hold good.

Secondly, we have an interested formula with its wave resistance as follows.

Integrate (6.3) by parts assuming the differentiability, we have
1

Flgsec?d, = —

0 1 1 1
xz-ipx _r I —ipr
29:¢ j‘ j_lfl(x’ Z)G r dx d2+ D 5_1[‘?(93, z)e ]x-—le T dﬂ:

b

1

0
£z —ipr : 1
+——~2g'.‘7 j_te Le™**"(3/0x+ip)n(w, 2)]1i-_1dz, (6.22)

where x=gsec®d, p=gsect and
Salx, 2)=(0%/0x+g-8/02)"(z, 2), for »: pesitive integer, (6.23)

Continuing this process, assumed the function fi(z, ) tends to zero, we have finally in
symbolic writing,

2 - w2-fpr 1 g )( ip+a/ax ) }1 ]{]
Flgsecd, ) [" ’ (x+a/az t oo \egerg-vjoeraizon /10D ), o €2

Now, introduce a function 4 by the eqguation,

7z, 2)=(0%/0x%+ g*) (/02 + g)p(x, 2), (6.25)
put it into (6.24) and tend @ to zero, and we have

Fig, 0= [e~0*@/0+iguta, 9]iens | __, (6.26)

Hence, if u and du/6x vanish at four end points, we get
Fl(g, 0)=0, (6.27)
If the speed is very low and ¢ is very large, the wave resistance is determined by the

value of F' near the point #=0 approximately, so that we may hope to get a distribution
having a small wave resistance by the method as the above.

It is a simple matter to get a function satifying the above condition, for an example,
we have of the following types

Mz, 2)=(1—2x)func.(z), pl, 2)=z(t+z2)func.(z), (6.28)
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Conclusion

We have considered a waveless problem of the ship in steady motion on calm sea, and
concluded as follows,

1. The velocity potential could be separated into two parts by the aid of the auxiliary
function. The one is the part regular and vanishing at infinity, and the other the part
containing the wave system in the rear.

2, Consequently, we have been able to construct a waveless system considerably at ease.

3. It may also propose a usefull method to solve wave problems. For an example,
we get the integral equation for solving the problem of a half immered vertical plate in
two dimensional case.

4. The waveless pressure system is shown with examples in two and three dimension,
and it is found that the total pressure is finite in the former case but vanishes in the latter.
5. The total displacement of a Mitchell type waveless ship is shown to be zero too.

6. Meanwhile, if the range of the singularity distribution extends to infinity, we can
get a waveless system with a finite total pressure or displacement in three dimensional case.

7. TFor the Mitchell type ship represented by a successively differentiable doublet dis-
tribution, the formula of the wave resistance is deformed in a neat expression, and we have
a simple method to find a distribution with a comparatively small wave resistance.
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